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In this paper, we construct a sequence (¢ )ren of symplectic capac-
ities based on the Chiu-Tamarkin complex C’?/ g, a Z/l-equivariant
invariant coming from the microlocal theory of sheaves. We com-
pute (cg)ren for convex toric domains, which are the same as the
Gutt-Hutchings capacities. Our method also works for the pre-
quantized contact manifold 7*X x S'. We define a sequence of
“contact capacities” ([c]x)ren on the prequantized contact man-
ifold T*X x S', and we compute them for prequantized convex
toric domains.
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A symplectic manifold (X,w) is a manifold with a non-degenerate closed
2-form w. Classically it appears naturally as phase spaces in Hamilto-
nian Mechanics. An embedding ¢ : (X,w) — (X',w’) is called symplectic
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if p*w’ = w. A basic question in symplectic geometry is to decide when a
symplectic embedding between two symplectic manifolds exists. The first
result, the origin of the question, is the Gromov non-squeezing theorem:

Theorem 0.A ([Gro85]). FEquip R?® with the linear symplectic form. Let
Brs = {(2,5) € R : gl + [pl2 < 12}, and Zyme = {(z,p) € R* : a3 +
pt < R?}.

If there is a symplectic embedding ¢ : Bry» — R?? such that ¢(Byy2) C
Zr Rz, then r < R.

A structure related to the embedding question is the so-called symplectic
capacity. One example is the Gromov width, which is hard to compute. There
are other capacities defined by generating functions [Vit92], Hamiltonian
dynamics [EH90], and J-holomorphic curves [Hutlll (GHIS| [Sie19]. A great
survey about symplectic capacities is [CHLS10]. When the dimension is 4,
the ECH capacity is a very effective tool. When the dimension is greater
than 4, we know fewer results.

The Ekeland-Hofer capacity (CEH)keN is a sequence of symplectic capac-
ities defined for compact star-shaped domains in T*R% for all d, which is
defined using Hamiltonian dynamics. The computation of CEH is known for
ellipsoids and poly-disks, say:

d

) T

N (E(ay,...,aq)) = min {T : g LG—J > k:} EN(D(ay, ... aq) = kay,
i=1 '

where

d 12
E(ab...,ad):{ue(cdzzwtzw<1},

i=1
D(ay,...,aq) = {u eC?: 7lug)? < a;, Vi = L...,d} ,
with 0 < a1 <--- <ay.
On the other hand, Gutt and Hutchings constructed a sequence of capacities

(CSH) ren in [GHIS| using the positive S'-equivariant symplectic homology.
For an open set © C R%, the open set

XQ == {’LL 6 Cd . (7T|’LL1|2, .. .,7T|Ud|2) 6 Q}

is called a toric domain. We say Xq is convex @ if Q=
{(z1,...,2q) : (|Jz1],- .., |zq|) € Q} is convex, and is concave if R‘éo \ Q is
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convex. The toric domain Xq is determined by QﬂRiO. So it is free to
choose a suitable . In particular, we always assume Rio Cc Q. If Xq is
a convex or a concave toric domain, one can indeed take © to be convex
or concave (in the usual sense) and satisfying the condition Rio C Q. For
example, ellipsoids E(a) = Xq,,, and poly-disks D(a) = Xq,,,, are convex
toric domains, where

d
ZT;
QE(a) = {(.’El,...,.fﬁd):zw < 1},
Qpa) ={(21,...,2q) 23 < a;, Vi=1,....d}.

Gutt and Hutchings computed cEH for both convex and concave toric do-
mains. For example, when Xq is convex, they showed that

d

(0.1) SH(Xq) :mm{uvy;g v eNLY :k}
=1

=inf{T >0:32 € Q3,I(z) > k},

where
[vllg = max{(v,w) : w € Q},
(0.2) 4 d
OF ={zeR": T+ (2,0) 20,V € Q}, I(z)=)_ |-z
i=1
So one can observe that for ellipsoids and poly-disks, CEH = C‘EH.

Unfortunately, even for ellipsoids, we know that the obstructions, given
by Ekeland-Hofer capacities, and then the Gutt-Hutchings capacities, are
not sharp. One new progress on higher dimensional embeddings is given
by Siegel in [Siel9l [Sie21]. Siegel gave sharp obstructions for embeddings
between some stabilized ellipsoids.

In this paper, we construct a sequence of symplectic capacities (cx)gen
for open sets in a cotangent bundle 7*X with an orientable base X. We
denote Open(7*X) the set of open sets in 7% X. Our main ingredient is
the complex CYZ/ Z(U, K) defined by Tamarkin and Chiu in [Tam15, [Chil7],
where U is admissible (for example bounded open sets), 7' > 0, and £ € N>o.
There exists a structure of K[u|-module on H *C?/ Z(U , K), and a fundamental

class 77?/ E(U, K)e H OC’YZ/ E(U , K). For admissible open sets U, we define (see
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[Definition 2.24))

Jp prime such that V¢ € N>o, py > p,
Spec(U, k) = {T >0 B )

0y (U, Fy,) € Wb HCF (U Fy,)
and
cx(U) == inf Spec(U, k) € [0, +oc].

For a general open set U, we define ci(U)=sup{cx(O):0 C
U, O is admissible}. Then we show

Theorem 0.B (Theorem 2.25)). The functions ci : Open(T*X) — [0, 00]
satisfy the following:

1) ¢ < cpyq for all k € N.
2) For two open sets Uy C Us, we have ¢ (Uy) < cp(Us).

3) For a compactly supported Hamiltonian isotopy ¢ : I x T*X — T*X, we
have c(U) = ck(¢=(U)).

4) If X =R, then cx(rU) = r2cx(U) for all k € N and r > 0.

5) Suppose U = {H < 1} is admissible such that OU = {H = 1} is a non-
degenerated hypersurface of restricted contact type defined by a Hamiltonian
function H. If ¢, (U) < oo, then ¢, (U) is represented by the action of a closed
characteristic in the boundary OU .

6) c,(U) > 0 for all open sets U.

Moreover, based on the structural theorem (Theorem 3.6) of

H *C’YZ/ K(XQ,FPZ), where Xq is a convex toric domain, we can compute
ck(Xq) as follows:

(0.3) cx(Xq)=inf{T'>0:32€ QF, I(z) > k}.

Therefore, cx(Xq) = ¢t (Xq) by and (0.3).

On the other hand, one may ask the concave case. It is explained in
[Remark 3.5 that some technical issues exist. So we cannot derive a clear
structure theorem as and then the computation of capacities
is not completely clear. However manual computation of some examples
shows the coincidence with Gutt-Hutchings capacities is still true.

Based on the computation on the convex toric domains and concave toric
domains, Gutt and Hutchings conjectured ([GHI18, Conjecture 1.9]) that, for
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a bounded star-shaped domain U and for all £ € N,
ek (U) = ¢ (V).

In fact, the result P (U) = {1 (U) = Minimal action has been proven by
Irie[Iri22] for convex body U. Comparing to our result, we hope the consis-
tency could be extended to ¢ as well.

Conjecture 0.C. For a bounded star-shaped domain U C R*? and for all
k € N, there is

i (U) = ¢ (U) = ex(U).

Remark 0.D. Recently, Jean Gutt and Vinicius G. B. Ramos claim that
they prove cEH(U) = ¢¢H(U) for star-shaped domain U C R??,

0.2. Contact embedding

Contact geometry is the odd-dimensional cousin of symplectic geometry. A
(co-oriented) contact manifold (X, «) consists of a manifold X of dimension
2n 41 and a 1-form « such that a A da™ # 0. An embedding ¢ : (X, a) —
(X', /) between two contact manifolds is called contact if ¢*a’ = efa for
some function f € C°°(X). We also study the embedding question in contact
geometry. The pioneering work of Eliashberg, Kim, and Polterovich[EKP06]
promote our understanding of the contact embedding question a lot. Let us
explain here.

A naive attempt is to study the non-squeezing problem in the 1-jet
bundle J'R? = T*R?% x R equipped with the contact form a = dt + qdp.
However the re-scaling map (q,p,t) — (rq,rp,r’t), which is a contac-
tomorphism, squeezes any compact set into an arbitrary small neigh-
borhood of the origin when 7 is big enough. This conformal naturality
of 1-jet space illustrates us that we can study the prequantized space
T*R? x S}, where S! is a circle. Here we equip T*R? x S! with a con-
tact form o = do + %(qdp—pdq). However there is a global contacto-
morphism Fly : T*R? x S} — T*R4 x S! defined as follows: We use com-
plex coordinates T*R? 22 C?, and then Fy(z,0) = (v(0)e*™V72,0), where
v(o) = (14 N7|z[>)~'/2. One can compute directly that Fy is still em-
bedding any ball into arbitrary small neighborhood of {0} x S for N big
enough. However we notice that Fly is not compactly supported. So loc. cit.
proposed the following definition.
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Definition. [EKP06l p1636] Let (W, ) be a contact manifold. If Uy, Uy C
W are two open subsets, we say that Uj is squeezed into Us if there exists a

compactLy support contact isotopy ¢ : [0,1]s x U — W such that ¢o = Id,
and 1 (Uy) C Us.

An interesting phenomenon, which does not appear in the symplectic
situation, is the scale of the ball will affect the validity of squeezing. About
the large scale phenomenon, Eliashberg, Kim, and Polterovich give a very
nice physical explanation using the quantization process. Two results about
both squeezing and non-squeezing of prequantized balls Brr» x S' are:

Theorem 0.E. 1) [EKPO06, Theorem 1.3] Suppose d > 2. Then for all 0 <
72, mR? < 1, one can squeeze the prequantized ball Byr> x S' into B2 X
St whatever the relation between v and R is.

2) [EKPOG, Theorem 1.2] If there exists an integer m € [nr?, 7 R?], then
Byrge x St cannot be squeezed into B2 x ST.

Then the only case left about the contact non-squeezing is: what will
happen if there is an integer m such that m < 7r? < TR? < m +1? It is
solved by Chiu using the microlocal theory of sheaves[Chil7], and by Fraser
using technique of J-holomorphic curves[Fral6] in the spirit of [EKPO6].
They proved the following:

Theorem 0.F ([Chil7, Fral6]). If1 < mr? < 7R?, then Byge x S' can-
not be squeezed into B2 x ST.

The second purpose of the paper is to explain how Chiu’s work could
be used to define “contact capacities” on prequantization T*X x S for
orientable X. The notion of admissible open sets still makes sense. The
presence of the scale feature makes us consider the so-called big admissible
open sets. Concretely, we say a contact admissible open set % C T*R? x S1
is big if there is a ball B, x S! for a > 1 that can be embedded in %
by a compactly supported contact isotopy on T*R? x S!. For a prequan-
tized convex toric domain X x S!, where X, is a toric domain, it is big if
1927]|cc = max;eqs ||2]|oo < 1. Besides, to obtain the contact invariance, we
need to restrict to T'/¢ € N situation in the contact case. Here, we denote P
the set of all prime numbers. Then we can define

[Spec|(% k) ={peP: nf/p’c(%,lﬁ'p) € ukH*‘KpZ/p(%,IFp)}
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and
[c]k(% ) == min[Spec|(% , k) € P.
For a general open set %, we define [c]x(%) = sup{[c]x(O):0 C
%, O is admissible}.
Then we have, [Theorem 4.9] [Theorem 4.11}

Theorem 0.G. The functions [c]y, : Open(T*X x S') — P satisfy the fol-
lowing:

1) [e]k < [c]g41 for all k € N.
2) For two open sets U C U, we have [c] (%) < [c|k(%2).

3) For a compactly supported contact isotopy ¢ : I x T*X x St — T*X x
St we have [c|p (%) = [c|i(¢(%)).

4) For a big prequantized convex toric domain Xq x S C T*R% x 81, we
have

[cJe(Xo x §') =min{peP:3z € Q. I(z) >k} =min{peP:p > c(Xa)}.

A more concrete example is as follows. Suppose Xq x S' = F(3,4) x S,
we have.

k|11 2 3 4 5 6 7 8 9 10 11
c. |13 4 6 8 9 12 12 15 16 18 20
el |3 5 7 11 11 13 13 17 17 19 23

0.3. Microlocal theory of sheaves and the Chiu-Tamarkin
complex

The main ingredient of our work is the microlocal theory of sheaves, intro-
duced by Kashiwara and Schapira with motivation from algebraic analysis.
We refer to [KS90].

The main idea we use in the paper is the notion of microsupport or
singular support, which is defined as follows: For a ground commutative ring
K, let D(X) be the derived category of complexes of sheaves of K-modules
over X. For an object F' € D(X), we can associate a set SS(F) C T*X,
which is called the microsupport of F. It is proved in [KS90] that SS(F) is
always a closed conic and coisotropic subset of T*X. Moreover, when X is
real analytic, SS(F) is Lagrangian if and only if F' is (weakly) constructible.
This result inspires us that the sheaf theory plays its role in symplectic
geometry and contact geometry.
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For instance, Tamarkin develops a new method to study displacibil-
ity of Lagrangians in [Taml8|. Guillermou gives sheaf theoretical proofs
of Gromov-Eliashberg C-rigidity and of the result by Abouzaid and Kragh
that closed exact Lagrangians in cotangent bundles are homotopically equiv-
alent to the zero section. See [Guil2) (Guil3| |[Guil6] and the survey [Gui23]
about these topics. Asano-Ike develop a lower bound for the symplectic dis-
placement energy and a lower bound for the number of intersection point of
some rational Lagrangian immersions using numerical information from the
Tamarkin Category in [AI20al, [AT20b]. On the other hand,
there are many works studying the category of sheaves from the point of
view of the Fukaya category, see the work of Nadler and Zaslow on the com-
pact Fukaya category [NZ09, Nad09]; and the work of Nadler[Nad16], and
of Ganatra, Pardon, and Shende on the wrapped Fukaya category[GPS18§].

Now, let us review ideas of Tamarkin in [Tam18]. Tamarkin suggested
studying the category of sheaves localized with respect to sheaves microsup-
ported in non-positive direction, that is, the localization of D(X x R) with
respect to the full thick subcategory {F : SS(F) C {r < 0}}. This localiza-
tion is equivalent to the essential image of the functor Kig ooyx : D(X x R) —
D(X x R), where x: D(X xR) x D(X xR) — D(X x R) is the convolu-
tion. We denote these two equivalent categories by D(X) and call them the
Tamarkin category of X. The category D(X) is triangulated.

Since the microsupport is conic, Tamarkin considers the following coni-
fication procedure: for a given closed set A in the cotangent bundle 7" X we
set A= {(z,p,t,7) € T*(X xR) : (z,p/7) € A,7 > 0}. We are interested in
the category of sheaves on X X R microsupported in A, that is, F € D(X)
such that SS(F) N {r > 0} C A, and we denote the category they form by
Da(X). Categorically, this category and its semi-orthogonal complement
LD 4(X) are completely determined by the projectors from D(X) onto them.
Hopefully, we could understand the geometry of A from these projectors.
One way to study these projectors is to represent them as integral func-
tors defined by kernels, for example K[ o * introduced by Tamarkin, or the
cut-off functors of Kashiwara and Schapira [KS90).

Here, we start with the symplectic case. An open set U C T*X whose
projector D(X) — Dy(X) =+ Dr-x\v(X) is represented by a convolution
functor xPy : D(X) — D(X) is called admissible. We will see later that
bounded open sets and toric domains are all admissible. One particularly
interesting example is the open ball U = B, ge2. Chiu constructed a kernel
for By g2 using the idea of generating functions in [Chil7], which is the main
ingredient of his proof of contact non-squeezing.
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Another ingredient of Chiu’s proof is (a contact version of) an object
C’TZ/ e(U, K) € Dz¢(pt) defined using Py, where Z/{ is the cyclic group, K
is a field, and Dy /,(pt) denotes the equivariant derived category over point
(see [BL94]). Remark that Chiu denotes our ¢ as N.

Chiu did not define the symplectic version qu/ Z(U, K) explicitly, while
his idea applies directly to defining the symplectic version we presented
in [Definition 2.13| His discussions on contact invariance and computation
work perfectly to the symplectic case as we will present in the following.
We have that the object C’YZ/ Z(U ,K) is a Hamiltonian invariant of an admis-
sible open set U for £ € N and T' > 0. We will define a fundamental class
njzﬂ(U, K) € HOC?/K(U, K), and also see that H*C?/K(U, K) is a left graded
module over the Yoneda algebra A = Ext7 ,(K,K). If char(K)|¢, we have
A = K[u, 0] where |u| =2, |8] = 1, and u? = k6 (k depends on the parity of
?). To achieve the condition char(K)|¢, we can take K =IF,, to be the finite
field of order py, where p, is the minimal prime factor of .

We will also discuss, in the contact version Céi/ E(?/ ,K)
that Chiu originally defines in [Chil7], for a contact admissible open set
% C T*X x S' and (n,f) € Ny x N. The differences are that CKHZZ/E(?/,K) is
defined for (n,¢) € Ny x N while C’YZ/Z(U, K) is defined for (7',¢) € R>¢o x N
and that ‘ang/ Z(% ,K) is invariant under contact isotopies. The fundamental

class nféﬁ’c(?/, K) € HOCKRZE/E(%, K) and the A-module structure can also be
defined. We will see that if the open set U C T*X is symplectic admissi-
ble, the prequantized open set % = U x S' c T*X x S' is contact admis-
sible, and we have an isomorphism CKHZZ/Z(U x S1K) = CZZ/K(U, K), which
preserves the fundamental class. The isomorphism is helpful since even
though the symplectic version is a priori not a contact invariant, it com-

putes the contact version. In this sense, Chiu computed CKZ/ Z(BTr Rz, K) using
G2 (Bpre x S1K).

Chiu’s proof for the contact non-squeezing theorem can be organized by
our language in the following steps:

e When / is an odd prime number and 772 > 1, Chiu constructs an isomor-
phism of A-modules:

H*(@Z/Z(Bﬂvg % Sl,]FZ) o~ ufd\ﬁ/ﬂ'erFé[uj 0]’

and an element A, = ku~7*] such that WZ/Z’C(BMQ x S1Fy) =
udLZ/ﬂ'T2J A, 7& 0.
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e The fundamental class is preserved under the contact invariance. Specif-
ically, for a compactly supported contact isotopy ¢ :I x T*R? x St —
T*R? x S and z € I, we have an isomorphism of A-modules

(I)Ze/g,c . H*%£Z/€(SOZ(B7W=2 > Sl),IFZ) ~ H*(ggZ/e(Bﬂrz % SlyFZ)

such that nf/e’c(cpz(Bmz x S1),Fy) is mapped to WZM’C(BWQ x S1Fy).

e If there exists an inclusion Byp2 X S' C B2 x S1, for R > r, we have a
degree 0 morphism of A-modules

i: H* G (B x SV, Fy) — H* 6 (Bre x S',Fy),

which preserves the fundamental class. In particular, we have WZ/ E’C(B,r R2 X
SUF) = wdlt/™*li(A,) in HG2 (Brge x S1,Fy).

e However, the degree comparison makes i(A,) = 0 for large enough ¢. This
is a contradiction because we know that nZZ/Z’C(BﬂRz x SY ) # 0.

We use the fundamental class, the module structure, and the invariance to
define the capacities as we presented in the last two subsections. In this sense,
our capacities form a numerical package of Chiu’s arguments. Meanwhile,
our third main result generalizes Chiu’s computation of the Chiu-Tamarkin
complex for balls to convex toric domains Xq C C% = T*R?,

As we already know that if = U x S', the computation for both sym-
plectic case and contact case is essentially the same. So, it is enough to com-
pute the symplectic version. We will construct a good kernel for X based
on Chiu’s construction and then compute the symplectic Chiu-Tamarkin
complex CQZ/ Z(XQ, [F,,). We will show the following structural theorem.

Theorem 0.H . For a convex toric domain Xq C T*R?,
and £ € N>o. If 0 < T < po /||| 00, we have

e For each Z € Q5 (see (0.2))), the inclusion of the segment OZ C Q5. in-
duces a decomposition of the fundamental class n?/f(XQ,sz) = uI(Z)AZg
for a non-torsion element Az, € H*2I(Z)C?/£(XQ,FW). In particular,
n?/e(XQ, F,,) is non-zero.

o The minimal cohomology degree of H*C?/K(XQ,FPZ) is exactly —21(Q7,),
i.€.,

H*CYZ/K(XS% Fpe) = HziZ[(QOT)C%M(Xgh IFP@)?
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and

H=1OD 0 (Xq, Fy,) # 0.

o H*C?/E(XQ,FPK) is a finitely generated ), [u]-module. The free part is
isomorphic to A =Fp,[u,0], so H*C’?/E(XQ,FW) is of rank 2 over Iy, [u].
The torsion part is located in cohomology degree [—2I(2%.), —1].

H*C?/Z(XQ,]FPZ) is torsion free when Xq is an open ellipsoid.

0.4. Related works

In [FSZ23], we construct a Z/{-equivariant generating function homology
theory for ¢ > 2 using a similar idea, and give a new proof of the contact
non-squeezing theorem; we also define a geometric notion translated chains,
which explains the geometry intuition behind of Z//-equivariant generat-
ing function homology. The notion of translated chains explains the same
geometric intuition in the Chiu-Tamarkin complex.

Algebraically, in [Zha23], we construct an S'-equivariant Chiu-Tamarkin
complex which is similar to the Tsygan-Loday-Quillen definition of the cyclic
cohomology. In particular, we construct an algebraic S'-action that encodes
CYZ/ Z(U, K) for all £ and T € R>(. However, if we want to define a contact
invariant in this way, we need again 7'/¢ € Ny for all ¢, which is possible
only for n = 0. It explains algebraically why we cannot define an S'-theory
for the contact case using the same idea. However, the Z//-theory here
works perfectly for the contact case. The contact capacities we defined above
encode sufficient numerical information that is enough for the contact non-
squeezing theorem. In this way, we can think of the contact capacities as a
numerical approximation of the S'-action.

0.5. Organization and conventions of the paper

We will review preliminary notions of sheaf theory in[section 1| In|section 2|
we will present the main constructions, including microlocal kernels, the
Chiu-Tamarkin complex, fundamental class and capacities. We will focus on
the toric domains in [section 31 We would like to exhibit all constructions
and computations for the toric domains therein. Subsequently, we will state
how our construction works for prequantized contact manifold 7% X x S} in

Section 41

At the end of the introduction, let us introduce some notation.
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The natural number set N starts from 1, and Ny denotes NU {0}. For
n € N, we denote [n] = {1,...,n}. For any ¢ € N>9, we denote the minimal
prime factor of ¢ by py.

We use subscripts to represent elements in sets. For example, to empha-
size a € A, we use the notation A,. For the Cartesian product A", we define
dan : A — A™ to be the diagonal map and its image is denoted by A - as
well.

Projection maps are always denoted by 7, with a subscript that encodes
the fiber of the projection. For example, if there are two sets X, and Y,
two projections are

Ty =Ty Xg XYy = Xy, mx=m: Xp XY, =Y,
If we have a trivial vector bundle X x V,,, its summation map is

idy x sp, =idx x s : X x V" -5 X x V,

(x,v1,...,0n) = (T,01 + -+ vp).

In all cases, we will ignore idy and only use s}, = sj, for simplicity.

For a manifold X, we always use q € X to represent both the points and
the local coordinates of X. Correspondingly, the canonical Darboux coordi-
nate of 7% X will be denoted by (q, p). Vector spaces that are considered as
parameter spaces are an exception. For example, Ry, its dual coordinate is
denoted by 7 € (Ry)* = R;.

For a manifold X, the 1-jet space is J'X = T*X x Ry, which is a contact
manifold equipped with the contact form « = dt + pdq. The symplectiza-
tion of J'X is identified with T* X x Tr oRy =T*X x Ry x R;~0, equipped
with the symplectic form w = dp A dq + d7 A dt. The symplectic reduction
of T*X x T} Ry with respect to the hypersurface {7 = 1} is denoted by p,
which is identified with

(0.4) p:T"X xT! Ry - T*X, (q,p,t,7) = (q,p/T).

We call it the Tamarkin’s cone map. The map p factors through the sym-
plectization map ¢ tautologically:

T*X x Tr oRy —4— J'X T*X.

In this paper, we equip the prequantized manifold T*X x S! with
the contact form o = do + pdq, which is different with the contact form
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do + %(qdp — pdq) we mentioned before. Then the canonical covering map
J'X — T*X x S! preserves its contact form.
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1. Reminder on sheaves and equivariant sheaves

In this section, we review the notions and tools of sheaves we will use. Let
K be a commutative ring with finite global dimension. In practice, we only
interest the case that K is a field or K = Z. For a manifold X, let us denote
D(X) the derived category of complexes of sheaves of K-modules over X.
We note that we do not specify the boundedness of complexes we used in
general. In most of our applications, the complexes are locally bounded in
the sense that their restrictions on relatively compact open sets are bounded.
We refer to [KS90| as the main reference of the section.

1.1. Microsupport of sheaves and functorial estimate

For a locally closed inclusion i : Z C X and F € D(X) we set

Fy =4i 'F, RIzF =i,'F.
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Definition 1.1 ([KS90, Definition 5.1.2]). For F' € D(X) the micro-
support of F' is

There is a C*-function f near q such that }

SS(F) = ,p) ET*X :
() {<q P) fla@) =0, df(q) = p and (RL(;>03F) # 0.

By definition, SS(F) is a closed subset of T*X, conic with respect to
the Rsg-action along fibres. There is a triangulated inequality for the mi-
crosupport: for a distinguished triangle A - B — C +—1>, we have SS(A) C
SS(B)USS(C).

Theorem 1.2 ([KS90, Theorem 5.4.5(ii)(c)]). For F' € D(X), we have
the equivalence:

SS(F) C Ox if and only if Yk € Z,H*(F) are local systems.

We set T*X = T*X \ Ox, and SS(F) = SS(F)NT*X.

The conicity is an issue since we want to consider general subsets of
T* X . We will use the Tamarkin’s cone map p of to resolve the conicity.
This is important because most of symplectic geometric problems are non-
conic. However, the cone map is only defined when 7 > 0 and it is helpful
to introduce the Legendre microsupport and the sectional microsupport as
follows: For sheaves F' € D(X x R;), we set

psp(F) = q(SS(F)n{r >0}) c J'X,

(1.1) 1
us(F)=p(SS(F)n{r >0}) Cc T*X.

A direct consequence is that psp(F) and ps(F') are not necessarily conic.
However, psp(F) and us(F) will lose 7 < 0 information. Usually, we will
consider sheaves that satisfy SS(F') C {r > 0} and it will often be the case,
in practice, that SS(F)N{r <0} C Oxxr. So, shows that we
will not lose much information.

Let f: X =Y be a C!' map of manifolds. Then there is a diagram of
cotangent map:

X <P Xy Y Iy Ty

Definition 1.3. Let f : X — Y be a C! map of manifolds, and A C T*Y be
a conic subset. One says that f is non-characteristic for A if for all (q, p) € A
and dfg(p) = 0, we have p = 0.
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Then we list some functorial estimates we need.

Theorem 1.4 ([KS90, Theorem 5.4]). Let f: X —Y be a C* map of
manifolds, ' € D(X),G € D(Y). Let wx)y = 'Ky be the relative dualizing
complez.

1) One has

L

SS(FXG) C SS(F) x SS(G),

SS(RHom(r F,my'G)) € (=SS(F)) x SS(G).
2) Assume f is proper on supp(F), then SS(RfiIF) C f.(df*)~! (SS(F)).
3) Assume f is mon-characteristic for SS(G). Then the natural mor-

L
phism f_1G®wX/y — f'G is an isomorphism, and SS(f~'G)U SS(f'G) C
df* 7 (SS(@)).
4) Assume f is a submersion. Then SS(F) C X xy T*Y if and only ifVj €
7, the sheaves H?(F) are locally constant on the fibres of f.
Corollary 1.5. Let Fi,F> € D(X).

L
1) Assume SS(F1)N(—SS(F,))CO0x, then SS(F1®F;) CSS(F1)+SS(Fy).

2) Assume SS(F1)NSS(Fy)CO0x, then SS(RHom(Fy, F1))C(—SS(Fy))+
SS(FY).

The following is called the microlocal Morse lemma.

Corollary 1.6. For F € D(X), let ¢: X — R be a C'-function that is
proper on supp(F'). Let a <b in R and assume dp(z) ¢ SS(F) for a <
¢(xz) < b. Then the natural morphisms RI'({p(x) < b}, F) - RI'({o(z) <
a}, F) and R (4(2)>1 (X, F) = R {4(2)>0} (X, F) are isomorphisms.

For the non-proper pushforward, we have

Theorem 1.7 ([Taml8, [Corollary 3.4]). Let V be an R-vector space,
my X XV = X, and 71"?% T*X XV xV* = T*X x V* be the correspond-
ing projections, and i : T*X — T*X x V* be the inclusion. Then for F €
D(X x V), we have

SS(my1F), SS(my F) C i 'xlt (SS(F)).



456 Bingyu Zhang

1.2. Convolution and Tamarkin category

Let X1, X9, X3 be three manifolds. Recall, 7x : X x Y — Y is a projection
whose fiber is X for arbitrary Y.

Definition 1.8. For F' € D(X; x Xo xRy,), G € D(X2 x X3 x Ry,). The
convolution is defined as

L
FxGi= Rsf!RWXQ!(w&gB’tz)F@w&l,tl)G) € D(X x X3 x Ry).

In particular, when X5 is a point, we use the notation F; & F5 to empathise.
If there is no confusion, we can drop the subscript X5 and write F'x G =
F )»(k G directly.

2

Similarly, for F' € D(X; x X3), G € D(X2 x X3), the composition is de-
fined as

L
FoG=FoG:= Rrx,i(ny. Fery G) € D(X1 x X3).

For 0 e R, F € D(X x R), we have Ko+ F' = F. So, the functor Kg*
plays the role of the identity functor. Besides, x and o satisfy the following
monoidal identities:

(F1 *FQ) *Fg = F1 * (FQ*Fg), (Fl OFQ) OF3 = F1 o (FQ OF’;},)7
(1.2) Fl*FQgFQ*F]_, F10F2§F20F1,
(F1 *FQ) o F3 = F1 * (FQ o Fg)

Here, the commutative identities are induced by the identification X7 x
X3 = X3 x X 1-

Remark 1.9. In specific cases, convolution could be presented by compo-
sition on X x Ry. For example, if F € D(X2 xRy,) and G € D(X x Ry,).
Let m(t,t') =t —t' = t1, then we have

F+G=(m 'F)oQG.

In fact, taking ' = to, we can prove the isomorphism by the proper base
change and the projection formula since s7(t1,t2) = t.

However, convolution involves spaces of lower dimension. Therefore, we
prefer to use convolution in this paper. More important, in geometric ap-
plications, the factor R; will play the role of action. Then, convolutions are
more helpful for us to look at action information.
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Before going into further discussion, let us review the notion of semi-
orthogonal decomposition of a triangulated category.

Let T be a triangulated category and C a thick full triangulated subcat-
egory of T. The left semi-orthogonal of C is defined by

(1.3) LC:={X € T :Homy(X,Y) =0,VY €C}.

One can show that the following proposition holds, see [KS06, Chapter
4 and Exercise 10.15.].

Proposition 1.10. Using the above notation, we have the following three
equivalent properties:

1) The inclusion C — T admits a left adjoint functor L : T — C.

2) There is an equivalence T /C = Le, where T/C is the Verdier localiza-
tion.

3) There are two functors P,Q :T — T such that YX € T, we have the
distinguished triangle:

P(X) = X - Q(Xx) 4

such that P(X) € +C, and Q(X) € C.

In this situation, we say one of these data gives a left semi-orthogonal de-
composition of T. One can verify, if one of the conditions is satisfied, that
P22~ P, and Q*> = Q. P, Q are called a pair of projectors associated to C.

Now, let 7 = D(X xR¢), and C = {F : SS(F) C {7 <0}}. The trian-
gulated inequality of microsupport shows that C is a thick full triangulated
subcategory of 7. Tamarkin constructs a pair of projectors associated to C
given by convolution:

Theorem 1.11 ([Tami8]). The functors F > Kj.oy*xF, F
K(0,00)[1] * F' on D(X x Ry) and the excision triangle,

K[O,oo) — KO — K(O,oo)[l] +—1>,

give a left semi-orthogonal decomposition of D(X x Ry) associated to C.
Namely, for F € D(X x Ry) we have the distinguished triangle

(1.4) Kooy * F = F = Kg ooy [1] x F 5,
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with Kjg ooy x F € +C, K(g o) [1] x F € C.

One can also see [GS14, Proposition 4.19] for a proof and some general-
izations of the proposition.

Definition 1.12. We define the Tamarkin category as the following left
semi-orthogonal complement:

DX)=1{F:SS(F)c{r<0}} 2 DX xR)/{F:85(F) c {r <0}}.

By |[Proposition 1.10/and (1.4) , F' € D(X x R) is in D(X) if and only if

(1.5) F = Kjo,00) x F2Kaxp0) £ F

Consequently, the convolution functor Kx _, x[0,00) ;2 of the Tamarkin cat-

egory D(X) coincides with the identity functor.

For F € D(X), one can show SS(F) C {r > 0} using microsupport es-
timates we mentioned last subsection, see [GS14l, Proposition 4.17].

To build microlocal kernels, we follow Chiu’s construction and use the
Fourier-Sato transform, which is a sheaf-theoretic analogue of the Fourier
transform. The Fourier-Sato transform defines a functor D(V) — D(V*),
where V' is a real vector space and V* is the dual of V. One can see [KS90,
Section 3.7, Section 5.5] for more details. We mention that the Fourier-
Sato transform gives an equivalence between Rsg-equivariant sheaves on V
and V*. Tamarkin introduced a new version of the Fourier transform on the
category D(V'), which also works for non-R- g-equivariant sheaves. We call it
the Fourier-Sato-Tamarkin transform. For the relation between the different
versions of Fourier transforms, we refer to [D’A13l [Gaol7].

Let Leg(V)={(z(,t):t+(2,{) >0} CV xV* xR, we consider
KLeg(V) S D(V X V*).

Definition 1.13. The Fourier-Sato-Tamarkin transform is defined as the
functor

One can see that the restriction of FT on D(X x V) is an equivalence of
categories in [Tam18, Theorem 3.5].
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Sometimes, for F' € D(V/), we will use the notation

(1.6) F = Kpeg[dim V] o F.

<

Geometrically, the set Leg(V) is associated with the Legendre transform
between V' and V*. The important thing for us is the microsupport estimate
under the Fourier-Sato-Tamarkin transform. Combining Theorem 3.5 and
Theorem 3.6 (and its proof) of [Tam18], we have

Theorem 1.14. Let ¢: JY(X xV)—=JY X xV*) be the map
©(q,p,2,C,t) = (g P, ¢, —2t—(2C), where we identify V™ with V
naturally. Then for F € D(X x V'), we have the microsupport relation:

—~

(1.7) psL(F) = o(psL(F)).

Proof. The original statement of [Tam18, Theorem 3.6] claim that us(ﬁ ) C
wo(us(F)), here ¢o(q,p,2,¢) = (q,p,(,—=z). However, the proof indicates
that the inclusion can be lifted to J1(X x V) and ¢, i.e.:

—

psp(F) C p(usp(F)).

Moreover, Theorem 3.5 in loc. cit. shows that the Fourier transform F' + F
has an inverse which is given by G — G =G X Kreg(vy where Leg' (V) =

q
{({,2,t) : t > (2,{)} CV* x V x R;. We also have an estimate
psp(G) C o~ Husp(@)).

Then the equal of (1.7)) follows by taking G = F. O

1.3. Guillermou-Kashiwara-Schapira sheaf quantization

As a sheaf pattern of Hamiltonian action, we introduce the Guillermou-
Kashiwara-Schapira (GKS for short) sheaf quantization as a basic tool here,
see [GKSI12| for more details.

Consider T*Y as a symplectic manifold equipped with the Liouville
symplectic form and with a Rsg-action by dilation along the cotangent
fibers. If ¢ : I x T*Y = T*Y is a R p-equivariant symplectic isotopy, one
can show that it must be Hamiltonian with a R<g-equivariant Hamiltonian
function H.
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Consider its total graph

(1.8) Ay = {(z,~H.o¢.(a,p),(a,~P),¢-(a,p)) : (a,p) € T"Y,z € I}.

Then Guillermou, Kashiwara, and Schapira proved the following theo-
rem:

Theorem 1.15 ([GKS12, Theorem 3.7]). Using the above notation, we
have a sheaf K = K(p) € D(I X Y2) such that
1) SS(K) = Ay,  2) Ko =Ka,,, where K, = K|}y
L
If we set K;;—l = U_IRHOW(KZ,WY&KY), U(qla q2) = (q27 ql)) q,% €
Y,z €1, then

a) supp(K) = I x Y are both proper,
b) KZOKZ_I%Kz_loKZ%KA

y27

¢) K is unique up to a unique isomorphism.

Consequently, F — FoK,, D(Y)— D(Y) is an equivalence of categories
for all z € I, whose quasi inverse is F o K, 1.

For F € D(Y), 20 € I, we have
(1.9) SS(F o K,) = @ZO(S'S(F)).
It means that, geometrically, oK, acts as the Hamiltonian isotopy .

Remark 1.16. Our convention for is different from [GKS12]. Specif-
ically, is A,-1 in loc. cit., and then our K, should be K 1 in loc. cit.
We choose such a convention for our convenience in adapting Chiu’s proof
for [Proposition 2.8 without causing further consistency problems.

Let us describe two situations where we will use the theorem.

I) Let p: I xT*X - T*X bea compactly supported Hamiltonian isotopy.
For Y = X x Ry, one can lift o to @ : I x T*Y — T*Y. Specifically, we have
the following:

Proposition 1.17 ([GKS12, Proposition A.6]). Let p: I xT*X —
T*X be a compactly supported Hamiltonian isotopy, whose Hamiltonian
function is H € C*°(I x T*X).

There is a Rsg-equivariant Hamiltonian isotopy @ : I X T*Y — T*Y such
that:



Capacities from the Chiu-Tamarkin complex 461

a) The function j-l\(z, q,t,p,7) =TH(z,q,p/T) is a Hamiltonian function of
@ on {1t # 0}.

b) The lifting @ commutes with both the symplectization and the Tamarkin’s
cone map.

c) We can take

@(Zv q7t7p7 T) = (T : SO(Z> q, p/’T),t - SH(Zv q, p/T))a T 7& 07
o(2,¢,t,p,0) = (g, p,t +v(2),0), T =0,
where v € C®(I x T*X),v € C*(I), and Su(z, ¢, p) = [, [a(Xn,) — Hx] o

©3(g, p)dX is the symplectic action function.
We call this @ or @, the conification of .

Remark 1.18. We notice that it is easy to lift ¢ to T*X x T R; without
the compactly supported assumption, however this is not enough to apply
the Guillermou-Kashiwara-Schapira theorem. If we want to lift ¢ to T*(X x
R;), we need the compactly supported condition.

Now, applyingto @, we obtain a sheaf K(p) € D(I x X? x
R2).

In our later application, we prefer to use only one t-variable, and to use
convolution. This is possible as follows. Consider m(ty,t2) = to — t1, then
[Gui23, Corollary 2.3.2] shows that there is a unique K (%) € D(I x X? x R;)
such that K (@) & m~'K($), and K(P) = Rm K ($). Then we can take ()
as the sheaf quantization of ¢. One can show that, for F' € D(X x R), we
have F o K(p,) = F * K(p.), see

By the commutativity of the lifting with symplectization, we have the
following estimates for the Legendrian microsupport and sectional micro-
support of K(p):

psL(K(®)) C {(2,—H(q,p),q, =P, v:(q, P), —Su(z,q,p)) :
(z,q,p) € IXT*X}

ns(K(@)) € {(z, —H(a,p). a0, —p, ¢:(aq, P)) :
(,qp)GIxT*X}

(1.10)

From the point of view of (1.9), for F' € D(X x R), we have

(1.11) ps(F'x K(@2)) = ps(F o K($2)) = @z (ps(F)).

) Let ¢ : 1 xT*X x S — T*X x S' be a contact isotopy of T*X x S!
with a contact Hamiltonian H € C*°(I x T*X x S'). One can lift ¢ to a
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Z-equivariant contact isotopy ¢’ of J'(X) = T*X x Ry, where Z acts by
shifting ¢. Here, by Z-equivariant, we mean that J(Ty)¢’ = ¢'J'(Ty) for
k € Z, where JY(Ty)(q,p,t) = (a,p,t + k).

Remark 1.19. In the symplectic case the Hamiltonian H does not depend
on t, and does commute with T’ for all real number c. In the contact case,
¢’ commute with T’ only when for ¢ =k € Z.

Then it is easy to lift ¢’ to the symplectization, T*X x T oRy, of JH(X)
to a Z x Rsg equivariant Hamiltonian isotopy ap I xT* X x T >0]Rt
T*X x T} oRs. Here, by Z-equivariance, we mean that dT *go = go’dT* for
k € Z, where dT;(q,p,t,7) = (q,p,t + k,7) is the cotangent map of the
shifting map Tx(q,t) = (q,t + k).

Similarly to the symplectic case, the compactly supported condition is
necessary to extend ¢ to whole T%(X x R;).

In this case, we still take the sheaf quantization K = K( )€ D(I x X? x
R?) of ¢/ as sheaf quantization of ¢. However now, since the contact Hamil-
tonian H(q, p,t) will depend on the variable ¢, K = K (¢ ) is not pulled back
from D(I x X2 x R) by m. So, we will work with compositions rather than
convolutions. R

The Z-equivariance is inherited by the sheaf K (y’). Precisely, it means
that

(1.12) K(@) 0 Ka wq(tehytcry = Ka o ((tiinicr) © K(@).

This is due to Ka , x{(t.t+k):ter} = Ky quantlzes di, then we apply the
uniqueness part of [Theorem 1.15( to cp =d(T, )*p PdT; = dT* k(p’dT* to
1.12)

obtain the isomorphism (|1.12

1.4. Equivariant sheaves

Here, we review basic notions of equivariant sheaves. We refer to [BL94] for
all details about the general theory of equivariant sheaves and equivariant
derived categories. Suppose G is a compact Lie group. For a manifold X with
a G action p: G x X — X, a G-equivariant sheaf is a pair (F,1) where
F e Sh(X) and ¢ : p lF = W&lF is an isomorphism of sheaves satisfying
the cocycle conditions:

do'pody ' =di My, syt =1dp,
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where

dO(gaha IE) = (h7g_1$)a dl(gaha l‘) = (gh,:z:),
d2(gvha x) = (g7$)7 80(1‘) = (evx)'

A sheaf morphism between two G-equivariant sheaves is equivariant if it
commutes with the 1¢’s. We set Shg(X) be the category of G-equivariant
sheaves. For example, when X = pt, Shg(X) ~ K[G] — Mod, the category
of all G-modules. The category of G-equivariant sheaves Shg(X) is abelian.
Moreover, Grothendieck proved in |Gro57] that when G is finite, Shq(X) ad-
mits enough injective objects. Therefore, the derived category D(Sha(X))
makes sense for finite groups, which is treated as a naive version of equiv-
ariant derived category of sheaves.

For general topological groups, the naive version is not good as our ex-
pectation. A basic difference is that Ext}, g, . x)) (Kx, Kx) is not isomorphic
to the equivariant cohomology of X. A more serious problem is how to define
6-operations with correct adjunction properties.

To resolve these problems, we must use the equivariant derived cate-
gory D¢(X) defined by Burnstein-Lunts, in where the expected isomorphism
holds, and the correct 6-operations live.

For the compact Lie group G, there exists a universal bundle EG and a
classifying space BG = G\ EG, which are unique up to homotopy. Now, we
have a diagram of topological spaces:

XEXxEGL X x¢ EG.

Definition 1.20. An object F € Dg(X) is a triple F' = (Fx, F, 3r), where
Fx € D(X),F € D(X xg EG),and Br : p~'Fx — ¢ 'F is an isomorphism
in D(X x EG). A morphism « : F' — H is a pair (ax, @) where ax : Fx —
Hx,a:F — H, and a commutative diagram in D(X x EG):

p'Fx e ¢ 'F

pilaxl Jrqfla

p'Hy %ﬁf{ ¢ 'H.

For example, the equivariant constant sheaf is given by K)G( =
(KX,EQ(XGE@EIKEG). The natural functor Dg(X) — D(X xg EG), F =
(Fx, F,Br) — F is fully faithful.
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We have a forgetful functor For : Dg(X) — D(X) which is given by
F= (FvaaﬁF) — Fx.

In general, for Lie subgroups H C G, we have a restriction functor For :
Dg(X) — Dy(X), and the forgetful functor correspondence to the case H
trivial.

The microsupport of equivariant objects can be defined as follows:

Definition 1.21. For an object F = (Fx,F,) € Dg(X), where Fy €
D(X), we define the microsupport of F' to be SS(F) := SS(Fx).

This definition makes sense since the contractibility of EG and
rem 1.44(4).

For a G-map f:X — Y between smooth manifolds, we define maps
induced from f as follows:

X +2 X xEG L5 X xg EG

b b

YTYXEGTYXGEG.

Then we can define G-operations. For example, we have Rf.F =

Proposition 1.22. All properties of the 6-operations hold in the equivari-
ant case. The 6-operations commute with the forgetful functor.

Remark 1.23. Since the 6-operations commute with the forgetful functor,
we will frequently use the notation of non-equivariant 6-operations to denote

the equivariant 6-operations without explicit emphases.

In the equivariant derived category, we can obtain the expected isomor-
phism:

(1.13) Exth, ) (Kx, Kx) = Exth yx, me) (Kxxope, KxxoEpa)
~ H*(X xg EG,K).

In particular, when X = pt is a point, we have

(1.14) Ext}, o) (K, K) = H*(BG,K).
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For example,
(115) EXt*DZ/g(pt) (K7 K) = H*(L?oa K) = K[”? 9]7

where L3° = S°°/(Z/?) is the infinite dimensional lens space, K is a finite
field of char(K)|¢, |u| =2, || = 1, and 6% = ku (k=0 if £ is odd and k =
¢/2 otherwise). The computation can be found in [Hat02, Example 3E.2,
Exercise 3E.1].

Remark 1.24. In [BL94], the authors use finite-dimensional approxima-
tions of EG to define 6-operations. The reason is, classically, the 6-operations
and related propositions (especially the proper base change) are demon-
strated for finite (cohomological) dimensional locally compact Hausdorff
spaces while X Xg FG is not in this class. However, in the framework of
[SS16], the authors introduce a relative notion called separated locally proper
maps, for which a proper base change formula is true. In particular, our f
and f are separated locally proper, and f. and f, have finite cohomological
dimension. Consequently, we can provide simpler formula for the equivariant
6-operations, and they also work in the unbounded derived category.

For discrete groups G, both the naive and advanced versions are equiv-
alent, i.e., D(Shg(X)) ~ Dg(X). In particular, D(K[G] — Mod) ~ D¢g(pt).
In practice, we will use them alternatively without mentioning explicitly. As
a rule of convenience, we only write a lower subscript G for all possible places
to indicate that we are working on some version of equivariant categories.

2. Projectors, Chiu-Tamarkin complex, and capacities
2.1. Projectors associated to open sets in T*X

In this subsection, we are going to study the categories related to sheaves
microsupported in an open set U C T*X. Next, we will construct kernels of
the projectors onto these categories.

For a closed subset Z C T*X we define Dz(X) as the full subcategory
of D(X) consisting of the sheaves satisfying us(F') C Z. For an open subset
U C T*X we define Dy(X) to be the left semi-orthogonal complement of
Dp.x\u(X) in D(X), i.e., Dy(X) = Dy x\y(X).

Now we have a diagram of inclusions

(2.1) Dr-x\v(X) = D(X) +> Dy(X)
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Following Tamarkin and Chiu, we are looking for convolution kernels
that represent microlocal projector functors and give the corresponding
semi-orthogonal decomposition.

Definition 2.1. Wessay U is K-admissible if there is a distinguished triangle

+1
Py = Ka o x[0,00) = QU —,

in D(X?), such that the convolution functor xPy is right adjoint to
Dy(X) — D(X) and *Qy is left adjoint to Dz(X) — D(X), i.e.,

Dz(X) <2 D(x) % Dy (x),

are two microlocal projectors.

Such a pair of sheaves (P, Qu) together with the distinguished triangle
give an orthogonal decomposition of D(X) by [Proposition 1.10} We call the
pair (Py,Qu) microlocal kernels associated with U, and the distinguished
triangle as the defining triangle of U.

We say U is admissible if U is Z-admissible.

Remark 2.2. 1) We define the K-admissibility of U at the beginning. How-
ever the coefficient dependence seems redundant because our existence re-
sults in the following work for all K, especially for K = Z. Moreover, one
can show that if U is admissible, then U is K-admissible for all K (by taking

the tensor product Kéz with kernels and then use the uniqueness below).
From this point of view, we do not emphasize the coefficient ring K for the
kernels (Py, Qu). We will see later that the K does affect the computation
of the Chiu-Tamarkin complex.

2) The adjoint functors of the inclusion functor Dy x\7(X) < D(X) is also
studied in [Kuo23|]. The author constructs the left and right adjoint of the
inclusion functor, which are called infinite wrapping functors. Same with
our existence results below (e.g. , the author also use the
Guillermou-Kashiwara-Schapira sheaf quantization as a fundamental tool.
Our point here is the existence of the kernel Py .

In the following, we will present the functorial property, uniqueness of
kernels, and existence of kernels for bounded open sets. Let us start with
some basic facts.
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Lemma 2.3. Suppose Uy C Uy is an inclusion between K-admissible open
subsets in T* X and their defining triangles are

PUi — KAXZX[O7OO) - QUi —, =12

1) We have Qu, * Py, =0, and the natural morphism
QQ*PUl = [PU2*PU1 —>PU1L

18 an isomorphism. In particular, we have Py x Py = Py and Qu x Py =0
for any admissible open set U.

2) For any admissible open set U and for all F,G € D(X? x R), we have
the isomorphism:

HOmD(szR)(F * Py, G * PU) — HOHlD(Xz XR) (F * Py, G)
3) We have RHom(Py,,Qu,) = 0 and
(22) RHOHI(PUI,CLQ) : RH0m<PU1,PU2) = RHOHI(PUUKAng[O,oo))-

Proof. (1) follows from the definition. For (2), consider the functor P(F) =
F x Py : D(X? x R) — D(X? x R), which is a projector on D(X? x R)? in
the sense of [KS06), Definition 4.1.1]. Notice that, the functor P has the same
formula as the microlocal projector but they have different domains. Then
(2) follows from Proposition 4.1.3 in loc.cit.. For the vanishing of (3), we take
U=U, F=Ka_,x{o}, and G = Qu,[d] for all d € Z in (2). Next, applying
RHom(Py,, —) to the defining triangle of Us, we have that RHom(Py,, a2)
is an isomorphism. O

The functorial property of microlocal kernels is proven in [Chil7, Theo-
rem 4.7(2)] for the contact case, and the uniqueness appears in [Zha20l
Section 4.6] for the symplectic case. Here, we prove a strong form of the
functorial property of kernels, which ensures that the defining triangle is
also functorial and unique.

Proposition 2.4. For any inclusion Uy C Uy C T* X between K-admassible
open subsets and their defining triangles

ai b +1 .
PUj, — KAX2><[O,OO) — QUf, —, 1=1,2,

we have a morphism between the defining triangles:
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b1

al Jrl
PU1 KAX2><[O,OO) QU]

P

as b2 Jrl N
Py, — Ka 1 x[0,00) Qu, >

2
These morphisms a,b are natural with respect to inclusions of admissible
open sets. In particular, when Uy = Uy (while Py, and Py, are a priori
not the same), the morphism of the defining triangles is an isomorphism of
distinguished triangles.

Proof. The construction of a,b can be found in |Chil7, Theorem 4.7(2)].
He verifies that a; = aga and by = bb; and a,b are natural with respect to
inclusions. However a priori, a,b do not give a morphism of distinguished
triangle.

So, we consider the following morphism of distinguished triangles con-
structed by TR3:

ay by +1
Py, —— KA, x[0,00) > Qu,

Pk

2 b +1
PU2 a*> KAXQX[O,OO) > QU2
Then we have 1b; = be. As a corollary of (3), we have the

isomorphism:

—Ob1
Hom(Qu,, Qu,) — Hom(Ka _, x[0,00)s QUs)-

Finally, one conclude that b = v since their image under the isomorphism
— O b1 is bg. |

By the results of [GKS12] recalled in there exists K € D(X? x

R;) (taking K = K(@).) such that the convolution functor
D(X xRy) = D(X xRy), Frs FxK,

is an equivalence of categories and usy (F x K) = . (usp(F)). Since ¢, pre-
serves 7 of T*(X x R¢), this functor descends to the quotient D(X) and
gives an auto-equivalence.

Corollary 2.5. [Chil7, Proposition 4.5]Let U C T*X be an admissible
open set, and ¢ be a compactly supported Hamiltonian isotopy ¢ : I X
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T*X — T*X. Then ¢,(U) is admissible for all z € I and we have an iso-
morphism P, ) = K1 % Py * K.
In particular, for U =T*X, the isomorphism is realized by:

KA axfo00) = KT KxKa L xjo,00) £ KT ¥ Ka L x(0,00) * K.

On the other hand, we can also consider the rescaling of the size of U (or
the rescaling of the symplectic form). To be simpler, assume that X = R%is a
R-vector space. Consider the map R: X x R — X x R, (q,t) — (q/r,t/7?)

for r > 0. Then [Theorem 1.4}(2) shows that
SS(R\F) = {(ra,p/r,r*t,7/r*) : (a,p,t,7) € SS(F)}.

Therefore, if ps(F)CT*X \U, we have us(RiF)CT*X \rU since
p(rq,p/r,r?t,7/r?) = (rq, (p/r)/(t/r?)) = (rq,7(p/7)). We can directly
verify that Rj: D(X? x R;) — D(X? x R;) induces an equivalence R, :
Dy(X) = D,7(X) whose quasi inverse is R, *. Then we have an isomor-
phism of functors xP.y = R, 1(— * Py)Ry. Moreover, we have

Corollary 2.6. Let U C T*R?® be an admissible open set, and r > 0.
Then rU is admissible and we have an isomorphism P,y = R\Py where

R(q.q.t) = (a/r.d/r,t/r?).

Proof. Obviously, we have a distinguished triangle
_ — +1
RiPy — KA, xj0,00) = RIQu — .

Let us show that it is a defining triangle of rU. If so, the result follows from
the uniqueness.

Take R = Kr,, and R~} = Kr, , where I'y denotes the graph of g. Then
we have an isomorphism of functors oR =2 R). Be careful that the convolu-
tion kernels R, R~! are objects in D((X x R)?), and they cannot descent
to D(X?). So, we are necessary to consider compositions rather than convo-
lutions. Based on we take Py =m~'Py and 2y = m~'Qu
to guarantee that we have isomorphisms of functors: 0%y = %Py and
02y = Q. In the following, we only discuss &7, but all the rest are true
for 2.

The previous discussion shows that oZ2.; = R!_l(— o Py)R = —o
(R~ o Py oR) as functors. Noticed that o here only represent composi-
tion of sheaves. On the other hand, we have isomorphisms of composition
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kernels: R~ o 2y o R = (R x R), Py . It follows from the general fact that
AoKr, = (Id x g)iA and Kp _, 0o A= (g x Id),A for any A and g.

Then we conclude by the base change isomorphism (R x R)ym ™!
m_IR!.

O 1R

Now, let us study the existence of admissible open sets U C T*X. In gen-
eral, we can take a smooth Hamiltonian function H such that U = {H < 1}
(|[Lee03l, Theorem 2.29]). Our tools to construct kernels are sheaf quantiza-
tions and the Fourier-Sato-Tamarkin transform.

For our later application for toric domains, let us state our idea in a
more general form. Suppose there is a Hamiltonian R7*-action on T* X i.e.,
a symplectic action ¢ : R7' x T* X — T*X with a moment map p: T%X —
(RY")" =RY". Let us consider U of the form p~1(Q), where Q C Ry We
assume that there exists a sheaf quantization K € D(R™ x X?) associated
with the Hamiltonian action in the sense:

Kl.=0 = Ka_,x[0,00)5
ps(K) € {(z, —pu(a,p), q, —p, v:(a,p)) : (z,q,p) € RY x T*X}.

(2.3)
Remark 2.7. One can see that when m = 1, it is exactly the single Hamil-
tonian situation y = H. Now, if we additionally assume that y = H is com-
pactly supported up to constant, then we can take K = (o) * Kj0,00) @8

the sheaf quantization. Here, K(pH) is introduced in

In fact, as [GKS12, Remark 3.9] discussed, if we have an Hamiltonian
action of R™ with m > 1, the sheaf quantization exists if the action is com-
pactly supported.

The sheaf K lives over the z-variable space. Intuitively, if we want to
restrict the microsupport of some sheaves into 2 C RZ”, we need a sheaf
transform to interchange z and ( variables, which are dual to each other.
Then we cut-off the support of the resulting sheaf in some way. This op-
eration is classical in mechanics and thermodynamics, i.e. the Legendre
transform. We have noticed that the sheaf correspondence of the Leg-
endre transform is the Fourier-Sato(-Tamarkin) transform. Consequently,
let us apply the Fourier-Sato-Tamarkin transform to the z-variable, i.e.

K= IC*KLGQ(R?)[m] € D(RY" x X?2). So by (2.3) and (1.7)), we have

(24)  us(K) C {(u(a,p), z,q, —P,¢:(q,p)) : (z,q,p) € R x T*X}.
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Then, we construct the kernels in the following way. Consider the excision
triangle in D(R):

1
Ko — Kg» — KR?\Q RN

Composing the distinguished triangle with 16, we obtain a distinguished
triangle in D(X?):

. . . .
KoKg = KoKgp — K oKgpmg — .

By the associativity of convolutions and compositions (see (|1.2))), we
have Ko F = (KxKregrp)[m]) o F' = Kx (Kpegmy[m] o F) = K+ I for
F € D(R?), where F' = Kreggp)[m] o F'in ((.6)).

So as KLEQ(R?)[m] o Kgp = Ky,—0,¢>0, We have

(Ko Krr) & KxKi.—0,1>0) = KA x[0,00)5

where the last isomorphism comes from (2.3), i.e., Kl.=0 = Ka _,x[0,00)-
Therefore, we have the distinguished triangle

I/C\ oKq — Kszx[O,oo) — ’/C\ o KR?\Q +—1) .

Proposition 2.8. Let ¢ be a Hamiltonian R7}*-action on T*X with a mo-
ment map p: T*X — RZ”. We assume that there exists a sheaf quantization
K € D(RT x X? x R) of the Hamiltonian action in the sense of (2.3)). For
an open subset () C ]RE” such that for all ¢ € Q, p=*(¢) is compact, the open
set U = p~1(Q) € T*X is admissible.

More precisely, the pair of sheaves

(2.5) Py =K oKg, Qu =K o Kgpq,

and the distinguished triangle

(2.6) KoKq — KA 2 x[0,00) = Ko Kgr\0 Rty

provide the microlocal kernels of U and the semi-orthogonal decomposi-
tion.

Proof. Our construction is a straightforward generalization of Chiu’s result
[Chil7, Theorem 3.11]. One only needs to notice that we consider a Hamil-
tonian R7}*-action more than a single Hamiltonian function, and we replace
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(—o0, R) in Chiu’s paper by Q. The properness condition of €2 is a techni-
cal condition that is automatically true in the situation of Chiu. One can
check the proof of Chiu to confirm that our condition is enough to ensure
the virtue of the semi-orthogonal decomposition without any other modifi-
cation. Furthermore, Chiu’s argument works for Z. So we obtain not only
K-admissibility but also admissibility. O

Definition 2.9. We say an admissible open set U is dynamically admissible
if there exists ¢, IC, € that satisfies [Proposition 2.8

So, for dynamically admissible sets, [Proposition 2.8| provides us with a
standard way to construct microlocal kernels. Now, let us state some corol-
laries.

Corollary 2.10. Bounded open sets are dynamically admissible.

Proof. Let U C T*X be a bounded open set, we have T*X \ U is a closed
subset of 7% X. Then there exists a smooth function H : 7% X — [0, 1] such
that U = {H < 1} and T*X \ U = {H > 1}. Actually, we take a non neg-
ative function f such that f=1(0) = T*X \ U, see [Lee03, Theorem 2.29].
Then we take H(z) =1 — f(z).

Since U is bounded, the subsets {H = a} C U with a < 1 are compact.
Moreover, dH has compact support. So we can take the GKS quantization
K (™). Then the result follows from [Proposition 2.8| by taking Q = (—o0, 1).

[l

The second corollary here concerns the kernel of products of open sets.

Corollary 2.11. Suppose we have two bounded open sets U; C T* X;, with
two pairs of kernels (Py,,Qu,), i =1,2. Then Uy x Uy is dynamically ad-
missible and Py, xu, = Py, ® Py,.

Proof. By the assumption, we have two Hamiltonian functions H; €
C*(T*X;) such that U; = {H; < 1} and we associate with them two sheaf
quantizations ;. Then

(PU” QUI) = (I/C\Z © K(foo,l)a I/C\:Z © K[l,oo))7 L= ]-7 2.

Now, consider the product Hamiltonian R2-action on T*(X; x X3) whose
moment map is u = (Hi, Hz). Then K1 #H Ky is a sheaf quantization of the
Hamiltonian action in the sense of (2.3]).
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Observe that if we take Q@ = {¢ = ((1,¢2) : (1 < 1,2 < 1}, then we have
Uy x Uy = = 1(). Consequently, [Proposition 2.8 implies that U; x Us is
admissible by the following distinguished triangle

= = 1
,COKQ — KAX{tZO} — K OKRE\Q +—> .

Subsequently, let us compute Ko Kgq.
Recall

KoKq = K *Kg.

Notice €2 is an open convex set. Therefore, IKAQ = Ky(z,¢,0)42-c203[2] 0 Ko is
the constant sheaf Kqe supported on the polar cone Q° of 2, where

0 ={(z,8) 1 t+2-C>0,YC € Q}.

In fact, K¢, ¢ 0)42.¢501[2] © Kq is isomorphic to the classical Fourier-Sato
transform of the constant sheaf supported on the conification of Q (upto
a degree shifting depends only on dimension). The conification is a convex
cone. The Fourier-Sato transform of a constant sheaf supported on a convex
cone is the constant sheaf supported on the polar cone of the given cone.
A direct computation shows that the polar cone of the conification of € is
exactly 2°. Then, our computation follows.

In particular, when Q= {{; <1,(s <1}, we have Q° ={(z,t): 2=
(Zl, Zg), ,21 < 0,20 0,8 > —(21 + 22) > 0}. Moreover, Kgo = RS%(K%X%),
where v; = {(z;,t) : t > —z > 0}.

Now we have

KoKo=K+Kg=KxKa = K*RsA(Ky, xr,)
= (Kl IC2) *RS?!(K’YlX’Yz) = (Kl *K’Yl) (’CQ *K’Y2)'

Finally, noticing that K{(z,t):tZ—zZO} = K{(z,{,t):t-‘,—zCZO} [1] o K(—oo,l)? one can
conclude that

Py v, 2 KoKg 2 (K +K,,) B (Ko xK.,) & Py, ® Py,.

2.2. Chiu-Tamarkin complex

Let Z /¢ be the finite cyclic group of order £ € N and X be a smooth manifold
of dimension d.
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Now take an admissible open set U C T* X, and let Py be the kernel
associated with U. The manifold (X? x R;)* admits a Z/¢-action induced by
the cyclic permutation of the ¢ factors. According to [Lon21, Section 2.2], the

object P of D((X? x R;)*) has a natural lift Stp(Py) as an object of the
equivariant derived category Dz /,((X? X R;)?), which we also denote, due to

L L
historical reason, by PF¢. Then we have P2¢ = Rsf, P € Dy 7e((X 2 X Ry).

Consider the Z/¢-equivariant maps
mq: X' xR >R,
Ax: X' xR — X% xR,
AX(ql’ <o 7q£7t) = (qéa a1 915+ -5 Q—1,Ae—15 9o t)?
i {T} — R,

where q = (q,...,q) and Ax is a twisted diagonal map of X.
There is an adjoint pair (w7 x, Be1.x):
Oy, T, X

F € Dyo((X? x Ry)") &———= Dy(pt) > G,

defined by:

Oég’T,X(F) = i/l_—leﬂ-g!A}lef! (F) s

2.7 -
&0 Berx(G) = sf!AX*w!gz'T*G,

Now, we define a functor
(2.8) Fyx = Rrq A Rsf : Dy (X2 x Re)Y) = Dy (R).

Then Qppx = i;«lF47x.

Similarly, we define o x, 81y, Fyr x by removing sf in the corre-
sponding definitions. If there is no risk of confusion, forget some of £,7T, X

in subscripts of «, 8, F' for simplicity.

Remark 2.12. We will use av 1 x,Berx (g7 x: By x), and Fox (Fy )
in the non-equivariant categories. We denote them by the same notation

later.
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Definition 2.13. With the notation above, we first define

Fo(U,K) = Fy x(PF*) = F} x(PF*) € Dy u(R).

Then we define an object of Dy, ,(pt) that we call the Chiu-Tamarkin com-
plex by

C7/!(U.K) = RHomg, (Oée,T,X(P&ég)’ K[—d]>
= RHomyg, ((Fy(U, K))r, K[—d])

=~ RHomy,, (Pﬁg, ﬁz,T,XK[—dO .

We set A = Ext7 ,(K, K), which is isomorphic to HE/E(BZ/E.K) (see (1.14))).

Then H*C?/E(U, K) is a graded module over A = Ext ,(K[—d], K[-d]) via
the Yoneda product.

When ¢ = 1, i.e. the cyclic group Z/1 is trivial, we also denote the non-
equivariant Chiu-Tamarkin complex C:%/ 1(U ,K) by Cp(U,K).

Remark 2.14. 1) The object C’YZ/ Z(U, K) is mentioned by Tamarkin in
[Tam15], and is defined explicitly by Chiu in [Chil7]. Our definition looks
slightly different from the definition of Chiu. However, one can check di-
rectly that, when X is orientable, 8,7 xK[—d] is exactly the constant sheaf
supported on the twisted diagonal with a degree shift depending only on ¢
and dim X. So the complex C?/ e(U ,K) is essentially the same as what Chiu
defined.

2) Recall we have that, for all £ € N>o, P 2 Py in D(X?).

Then we have Fj(P3Y) 2 Fy(Py). However the definition of convolution
L

shows Fy(P) = Fy(PZY). Therefore, we obtain an isomorphism, in the non-
equivariant derived category,

(2.9) F(U,K) & F(U,K).

So we have Cp(U,K) = RHom ((F;(U,K))r, K[—cﬂ) (in the non-equivariant
derived category). In this way, it is clear that C’? ¢

generalization of Cr(U, K).

(U,K) is the equivariant
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Let us compute an example when U = T X. Recall Pr-x = Ka _, x[0,00)5
so we have A~! (P*EX) = KA, x[0,00)- Then we obtain

Fy(T" X, K) = Rrq(Ka _, x[0,00) = E0,00):

where E = RI'.(Ax¢,K), Ejg o is the constant sheaf supported on [0, c0)
and Z/¢ acts on E = RI'.(Ax¢,K) = RI'.(X,K) trivially. Since Z/¢ acts on
FE trivially, we have, by Poincaré-Verdier duality,

K[=d])
éRHom(E K[—d])

(210)  C7/Y(T*X,K) = RHomy(E,
= RHomy, (K, K)

> RHomy, (K, K) &R (X, wx[d])
(K, K)

L
= RHomy,, ®RT x (T*X, K)]d].

Finally, for T > 0 and a field K, we have
(2.11)  HCYYT*X,K)~ A HPY(X,K) = A® HF(T*X,K),

where HBPM = H~*(X, wy) stands for the Borel-Moore homology of X.
One of the most important theorems about the Chiu-Tamarkin complex
is

Theorem 2.15 (Theorem 4.7 of [Chil7]). Let U,Uy,Us be admissible
open sets and let Uy < Uy be an inclusion. Then one has, for T > 0,

1) There is a morphism C%/Z(UQ,K) — CZ/E(Ul,K), which is functorial
with respect to inclusions of admissible open sets.

2) For a compactly supported Hamiltonian isotopy ¢ : 1 x T*X — T*X,
then there is an isomorphism, in the equivariant category, @f/jéz

CZ/Z(U K) =N C’Z/Z( :(U),K), forall z € 1. The isomorphism @ / is func-
torial with respect to the restriction morphisms in (1). When U = T*X we
have ‘I>Z7/T =1Id.

Taking into account the structure of A = Ext;, /Z(K7 K)-modules, we have

Corollary 2.16. With the notation of[Theorem 2.15, we have:
1) H*(i*) is a morphism of A-modules.
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2) H*(® /6) is an isomorphism of A-modules.

For our later application, let us present a proof here. The notation is the

same as in [Theorem 2.15

Proof of[Theorem 2.15: 1) Recall [Proposition 2.4 shows that we have a
natural morphism Py, — Py,. Then we have an equivariant morphism

L L
P Ee — P L%Z- Applying F;, we obtain

Fu(i,K)
S

(2.12) Fy(U1,K) Fy(Us, K).

Then the first part follows by taking stalks over T

2) To prove the invariance we use the expression C’:,ZJ é(U, K) =
RHomy, /K(P(’K , B5-K[—d]) given by the adjoint isomorphism.
e It is shown in 5 that we have an isomorphism P, ) = K1 %
Py x K where K is given using the GKS quantization of .
Let us write K, = K%, ng_l = (K7™ We remark that K, has a natu-
ral lift in the equivariant category and that Cy, ICE_1 are mutually inverse
for the convolution. Hence Ky x — is an equivalence and RHomy (G, H) =
RHomy/(KCe x G, K¢ x H) for any G, H € DZM(XQI x Ry). We denote by
the auto-equivalence on Dy /(X 26 % R;) induced by conjugation with Cy:

(2.13) K(F) =K, % Fx K.

Then we have an isomorphism PZ(U) ~ ICZ1 * PZ *Cp = H(PZ), and
for U =T*X, the isomorphism is realized by KZ¢ NICZI*ICK*

A 2 X[0,00)
K.i2 x[0,00) = = ICZ * KA ax[0,00) X K¢. Then the composition induces the
isomorphism

RHOmz/g(PZ,ﬁé"K) RHomyg,(k K(PFY), 5(B7K))
= RHOHIZ/K(PZ K (BTK)).

e Therefore, to complete the proof, it is enough to construct an isomorphism
k(BEK) = K, % BRK % K¢ = B7K. Compared to Chiu’s original proof, we
will construct the isomorphism explicitly.

Notice that 57K is, up to orientation and shift, the constant sheaf on the
graph of the permutation map f: X¢ — X (qq,...,q,) — (dg, ..., s dy).
Set Y =X’ and identify Y2= (X%’ by (qi,... .qp,4},...,q2) —
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(ai,q?,..., q}, q?). Then, up to degree shifting, we have

BrK = Kr, ximy * E = E % Kr, (17},

where F = 5y21(wy)§K{0}, with wy the dualizing sheaf and dy= the usual
diagonal embedding. In general, we have Fx — = — x F.

Now we have the general fact G xKrp (7 = (Idy x g x Tr)(G) for any
G and any map g¢. This formula has the symmetric form Kro s {1y *G =
(g x Idy x T7)(G) where I'{ is the switched graph I'y, = {(g(y),y) : y € Y'}.
When g is invertible, we have T'g-» = T'. So, we obtain

Kg*ﬁé«K = ’CZ*KFfX{T} * F = (Idy X f X TT)!(ICK)*E,
and

/B%K*ICK = E*KFfX{T}*ICZ = E*Krlfilx{T}*lcf
= Fx (f_l x Idy x TT)!(]Cg).

In coordinate (XQ)Z we have (f x f)((Q} Q?))jez/f = ((q]l+17 CI?-H))]'GZ/K- In
other words f x f is the cyclic permutation of the X? factors in (X?)*. It

is then clear that (f x f x Idg)i/C; = Ky (even in the equivariant category).
Then we deduced that

BrK K =2 Ex (f~ x Idy x Tr)(KCp)
~ Fx(Idy x f x Tr)(Ke) = Ko+ 7K.

Consequently, we have
R(BPK) = K7 % BrK % Kp = K71 % Ko % 8K = B7K.
el

In  summary, the &, is defined as following. For any f¢€
EXt%/ﬁ(Pza B K[—d]), we have

z/¢ ~ w(f) o~
O (f) Py =r(PE) = w(AK[-d)=F'K[~d).
The functoriality of @f/:f: follows since & is a functor.

For U = T*X, the isomorphism PEX%/Q(PEX) is induced by the natural
isomorphism Pr.x x K = IC x Pp-x. So does x(S'K[—d])=3'K[—d]. Then the
induced isomorphism @Z/;i( f) is the identity on the cohomology level. O
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Actually, the isomorphism (37K)=g,K is still true if we replace K by M €
Dy /g(pt), and moreover the isomorphism is functorial with respect to M. In
fact, for M € Dy ,(pt), we only need to replace K = (5yzg(7r§,K) in the proof
by K(M) = dy=(m}, M). Consequently, we can construct an isomorphism of
functors

/e

®7/1(~) : RHomg o (Fy(U,K)r, —) = RHomg,(Fy((U),K)r, -).

Now, let us take M = Fy(¢(U),K)r. Then Idg, 1) k), provide us with an
/
isomorphism @fé,{z defined as
¢ -1 =~
(‘I’f/T(Fe(QO(U),K)T)) (Id g, (p),x)7) * Fo(U,K)r = Fi(o(U),K)r.
In summary, we have

Proposition 2.17. For a compactly supported Hamiltonian isotopy ¢ :
I xT*X — T*X, there exists an isomorphism, in the equivariant category,

o7 Fy(U,K)r — Fylp-(U),K)r, for all z € I.

Remark 2.18. In [Zha23, Subsection 3.7], we explain how to give a new
proof of the [Proposition 2.17] without using adjunctions. We also explain
that the proposition is true for Hamiltonian homeomorphism in loc. cit.

2.3. Geometry of Fp(U, K)

In this subsection, we assume that U is dynamically admissible
and we give a more accessible expression of the Chiu-Tamarkin
complex using sheaf quantization. We then discuss the underlying geome-
try.

Following ideas of Chiu, we first compute F;(U,K) =

—~ L
Rﬂ'q[A)_(l (Rsf,PEQ going back to the construction of Py.

We recall that K is the sheaf quantization of a Hamiltonian R7" action
on T"X with a moment map p, & C R and U = p~1(2). Then we have
PU%I/C\OKQ %IC*KAQ.

As a corollary of the proper base change and the projection formula, we
have the following:

L L

A L L Aék
P?E o (K*KQ)@Z o RTFE!RSI%M! (WQIK|Z|€®7TIH1KQ ) .
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Next, we have
P P
Fy(U,K) = Rﬂ'qu 'Rsf R R m,, Ko emr " Kq
A@Z
=~ RTF@RS%RS%@I ( <R7Tq1A 1](:&@) ®7Tt 1KQ ) ,

where z = (21,...,2) € R™), t; = (t},...,t5) € Rf for i =1,2, and t =
(th, ..., th) = s]%v(tl,tg). Now, let z =21 + -+ + 2, and take t, =t} + - +
tf Using this change of coordinate, we have the decomposition 7, = st

z
and sis2, = s7(st x si ). Therefore, we obtain

Fy(U,K)

A&f
=R, RsjRsae, ( (qu.A 1/CW> @ Ko )

(2.14) L Y
%RWZ!RS%,!RSQR(Sf1 X Si)[ (qulA K Z) Q. 1KQ

=/
>R, Rs?Rs’, (7715,21 (Rﬂ'q A” 1IC.K) ® t,lKQ ) .

This formula shows, as the construction itself, that we can consider sepa-
rately the Hamiltonian action and the cut-off by €. Let us study the Hamil-
tonian action first. In view of (2.14]), it is convenient to define

(215) CL(K) = Rrq(A~ (K®)) € Dyye(RT) x Ry),
' CLIK) = Rst, CLy(K) € Dyo(RT x Ry).
Noticed that the formula C'L,(K) = RWEI(Z_I(ICE)) is similar to Fj(PF¢) =

an,(Zfl(Pf)) (see (2.8)). But in these two formulas, mq has different
meaning. The codomain of the first mq is R7* x R; while the codomain of
second 7q is just Rs. So they are different formulas.

The sheaves C'Ly(K) and CL,(K) encode the cohomology information of
a discrete Hamiltonian loop space. Precisely, we have

Proposition 2.19. With the notation (2.15) we have
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1) The sectional microsupport us(CLe(K)), which is a subset of T*(R™)’,
s contained in

There exist (q;,P;)jez/e € T*((X?)%) such that }

{(Zj’gj)jez/g : (gj41,Pj41) = 25 - (@5, p;), GG = —u(q;,p;), 5 €Z/L
2) CLy(K) =2 (s9)7'Rs’,CLy(K), CLHK) = Rs’, (s9)71CLIK).

Proof. 1) It follows directly from the functorial estimate of microsupport.
First, the formula (1.10]) shows that

pus(K®Y) € (2, ¢, a5, =Py ) P))jenye : (4}, D)) = 25 - (a,p;), J € Z/C}.
The transpose derivative of A is given by

dA*(qéaqlv s Q1,95 P15, P2y - - - ’p26713p2€)
= (dy,---,9; P2 + P35 -+ Pag + P1)-

By the bound [Theorem 1.4t(3), we deduce that us(zfl(le)) is a subset of

There exist (qj, —P;; q;-,p;')jez/z € T*((XQ)%)
such that (d;,p) = z; - i (4, Pj),

(Zj7 Cju q;/a p;/)]GZ/Z o Y ”
(1 —q] _qj+17pj _p p]+17CJ (qj’p])
JEL)L

Finally, let us apply the non proper estimate The
set ﬁé(SS(A‘l(lCE))) comes from forgetting q; for all j from
SS(ATY(K®EY). Then (z,(),t, Djezse € us(CLe(K)) if there exists a se-
quence (277, ¢, PI™) jezse € T (SS(A™H(K®Y))) such that 27 — 2, (P = ¢,
and p;" — 0 for all j € Z/L.

On the other hand, the relations above imply that there exists
(af, —/r;{,qJ ”,p]’”)]emﬂi T*((X2)€) such that (q;",p;") = 2 - (aj, P})
and " =dq}' =q}, P;" =P — P}, = —p(a},p}) for all jeZ/L.
So the continuity of the group action and the moment map show that,
after taking limit n — oo, we have (qj,p}) = 2; - (q,,p;) and q} =q; =
15 O:pj Pj+1,¢ = —u(q;,p;) for all j € Z/l. Then we have that
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wus(CLy(K)) is contained in

There exist (qj, —Pjs q;, p;')jeZ/é € T*(<X2)Z)
. such that (q},p;-) =zj- (qj7pj)7
(Zjvgj)jEZ/f o 0=1p"=p -

9 = d; = 9541, 0=Pj = P;j = P11, ¢ = —4(q;, P;)
JjEeZ

Finally, we simplify the notation by reducing the variables with primes.

2) If (25, ¢j)jezye € ns(CLe(K)), there exists (q;, P;)jeze € T*((X?)") such
that (q;41,Pj41) = 2j - (q;,p;) for all j € Z/L. Therefore, the invariance of
the moment map shows that

Cj+1 = M(Qj+1»Pj+1) = (qj7pj) = Cja JE€E Z/ﬁ.

Then, the isomorphism follows from [KS90), Proposition 5.4.5(ii)]. O

Remark 2.20. Even if K is a sheaf quantization that comes from a non-
autonomous Hamiltonian function, the microsupport estimate for C'L;(K)
is still true, but the second statement is not true in this case.

Now, using the projection formula, we can write the formula (2.14)) as

L /4
(2.16) Fy(U,K) = R, Rs? (n;ccg(/C)@w;legKQ )

L

— [/ =X
Next, let us study Rs{,Ko = Rs(, , Kq . First, with the help of [D’AT3,

Section 6, Appendix A], Kq is the (inverse) Fourier-Sato transform Ko of
Kgqr, where Q' = {((,7) : 7¢ € Q,7 > 0}. Now, using the functorial proper-
ties of the Fourier-Sato transformation (see [KS90) Section 3.7]), and writing
in the same way the two Fourier transforms, we have:

L —

‘6 L —_—
= RS? )'K%Z = RS€Z7t2)!KQ/z = (tsfzh))_lKQ/z.

=l o g K
RSZ!KQ = R‘S(Z,tg)!KQ/

Z,tg

Since the transpose of the summation map sfz ) is the diagonal map 9. s,e,
we conclude that

)!KQ/ =295, WKoe 2 Ko =2 Kg.

1
(zth)
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Our external tensor power is in fact an object of the Z/¢-equivariant derived
category. We need to mention that the Fourier transform (of any version) is a
convolution functor defined by a kernel, which is a constant sheaf supported
on a closed subset. So, on the product space, the Fourier transform is defined
by a kernel that is a constant sheaf supported on a product of the same closed
subsets. Then the kernel is a Z/¢-equivariant sheaf. Moreover, the external
tensor power is compatible with the Grothendieck 6-operations. Therefore,
the Fourier transform can be defined on the equivariant derived category.
Finally, all maps here are Z/¢-equivariant with respect to cyclic permutation
action and the formulas we used here are valid in the equivariant category.
In conclusion, all identities here are true in the equivariant derived category.
Consequently, could be read as

(2.17)
L _ —_
Fy(U,K) = R, Rs <7rt_21C£g(/C)®7r(_qltl)KQ> >~ R, (Cﬁg(/C) *KQ) :

From this formula, the study of Fp(U,K) is reduced to understanding
CLy(K).

The case m =1 is particularly useful for our applications. Now ) =
(—00,1) and Kq = Ky, 4):—4<z<0}- For T >0, shows

(2.18)
L L
ag’X,T(Pl?e) & Fg(U, K)T =~ RI. (Rz X R%t1,t2); (Cﬁg(K)xKRt2> ) ,
Z

where Z = {(z,t1,t2) : t1 +to =T, —t2 < 2 < 0}.
Again, using the formula (2.17]), we obtain the following action spectrum
estimate of the microsupport of Fy(U,K) for dynamically admissible sets.

Lemma 2.21. [Zha20, formula 74J/Let U = {H < 1} be a dynamically ad-
missible set defined by a Hamiltonian function H. If the boundary OU is
a non-degenerated hypersurface of restricted contact type (RCT) given by
oU = {H = 1}, then we have

(2.19)

usr(Fp(U,K)) C {t eER:t= ‘/pdq‘ for a closed orbit ¢ of o in BU} .

Actually, since Fy(U,K) = Fy(U,K) in D(R) (by (2.9)), we only need
to verify the estimate for F;(U,K) (see [Definition 1.21). Notice that when
computing the upper bound, we need the contact boundary condition to
make sure we can attach only one non-constant closed characteristic.
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Geometrically, we call the right hand side the action spectrum of the
Reeb action in OU.

So far, we have found two different ways to understand F;(U, K). Initially,
from the definition of Fy(U, K), we first cut off the energy of a Hamiltonian
isotopy up to Legendre transform to obtain the kernels and then use the
functor ap to obtain cohomology of some discrete loop space with action
bound T'. On the other hand, we can study discrete loops of a Hamiltonian
isotopy first, and then cut off energy up to Legendre transform. The result
of the section clarifies that these two ways are the same. The second way is
more direct than the first in many cases; we will see more about this point
of view when doing computation for toric domains.

2.4. Fundamental class and capacities

Now, let us assume that X is an oriented manifold of dimension d with a
fixed orientation and K is a field. For an admissible open subset U T X

and T > 0, [Theorem 2.15}(1) shows that we have a morphism in the Z//-

equivariant derived category:
CHN T X, K) L CEY UL K),

and it induces a morphism of A = Ext;, /e(K, K)-module on cohomology

HPM(X K)© A= HCHNT* X, K) % H*CH (U, K),

where the first isomorphism is given in . Since X is orientable, we
have the fundamental class [X] of X in HPM (X, K), which is defined via
1€ HY(X,K) = HPM(X,K). We set [X]%/* = [X]® 1, where 1 € A is the
identity.

Definition 2.22. For an admissible open set U N T*X, and T > 0, we
define its fundamental class n?/e(U, K) as the image of [X]%/* under 4};. That
is, ng/e(U7 K) = it ([X]%*%) € HOC:,Z/Z(U, K). When ¢ =1, we use nr(U,K)
for short.

By definition, the fundamental class can be computed as the following
composition:

(Fy(U,K))p — (Fy(T*X,K))r = RI[.(X,K)
X HIRT (X, K)[—d] = K[—d].

As a corollary of we have

(2.20)
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Proposition 2.23. 1) Let U C U’ C T*X be an inclusion of admissible
open sets. Through the natural morphism

HCH (U K) — H'CH (U K)

we have
g (U K) = i (U, K).

2) Let o : I x T*X — T*X be a compactly supported Hamiltonian isotopy
and U be an admissible open set. Recall the A-module isomorphism, defined

m eorem 2.1

1 (@%)) - B/ (U,K) = H* O/ (9.(U), K).
Then we have HO(®Z/Z)( YZ/Z(U, K)) = ni/e(wz( U),K) forall z€ 1.

We have n?/é(T*X, K) = [X]%/¢ for all T > 0. So, if there exists an open
set X’ C X such that U C T* X' C T*X, we have n?/é(U, K) = it ([X])%/*) =
i%; ([X"]%/*) by [Proposition 2.230(1).

Now, for £ € N>9, py is the minimal prime factor of ¢, and F,, is the finite
field of order py. The Yoneda algebra A = Ext;, /@(szanz) is isomorphic to
Fp,[u, 0] (see (1.15))), where |u| =2, |§] =1, and 6? = ku (k =0 if £ is odd
and k = £/2 if £ is even).

Definition 2.24. For an admissible open set U and k € N we define

Jp prime such that V¢ € N>o, py > p,
Spec(U, k) == {T >0: - ,

n (U, F,,) € " H*CH (U,F,,)
and
(2.21) cx(U) = inf Spec(U, k) € [0, +o0].
For a general open set U, we define
cx(U) = sup{ci(U") : U' C U, U’ is admissible}.

In the following, we will prove that (cx)ren defines a sequence of non-
trivial symplectic capacities.

Theorem 2.25. The functions ci : Open(T*X) — [0, 00] satisfy the follow-
ing:
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1) ¢, < cgyq for all k € N.
2) For two open sets Uy C Us, we have ci(Ur) < ¢ (Us).

3) For a compactly supported Hamiltonian isotopy ¢ : I x T*X — T*X, we
have c(U) = ci(p.(U)).

4) If X =RY, then ci(rU) = r2c,(U) for all k € N and r > 0.

5) Suppose U = {H < 1} is admissible such that OU = {H = 1} is a non-
degenerated hypersurface of restricted contact type defined by a Hamiltonian
function H. If c;,(U) < oo, then ¢, (U) is represented by the action of a closed
characteristic in the boundary OU .

6) cx(U) > 0 for all open sets U.

Proof. We can assume U is admissible; the general case follows directly.

Then (1) is a consequence of [Definition 2.24] Results (2), (3) are corollaries

of [Proposition 2.23]

For (4), recall that [Corollary 2.6| shows that P,y = R/Py where

R(q,d',t) = (q/r,q'/r,t/r?). Then direct computation shows that we have
an isomorphism in Dy /,(R):

R!FZ(TUv K) = FK(U7 K)7

where R(t) = t/r?. In particular, we have Fy(rU, K)o = Fy(U,K) for T >
0. This isomorphism commutes with the inclusion morphism induced by
U C T*R?, the (4) follows.

For (5), let T'= ¢ (U). Suppose that it is not given by the action of a
closed characteristic.

By assumption, the boundary OU has non-degenerated Reeb dynamics,
so there are only finitely many closed characteristics with action less than
2T. So there is a small € > 0 such that there is no action happening in
[T —e,T+ ¢l

However, we have the following microsupport estimate for all

fields K:
/ pdq

Therefore Fy(U,K) is constant on [T —¢,T +¢]. Consequently,
(Fy(U,K)) e = (Fy(U,K))p, and then 7" (U,K) =0 (U,K) for all

¢ and all K, in particular for K=1F, for all /&€ N. Then we have

usr(Fy(U,K)) C {t eER:t= for some closed orbit ¢ of gaf} .
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e, (U) < T — &, which gives a contradiction. So we have
(2.22) e (U) € {‘ /pdq' : ¢ is a closed orbit of cpf} .
C

Finally, let us prove that the ¢;’s are positive. We will see, in
that for a ball B,, one has cx(B,) = [k/d]a.

For a general admissible open set U, we can assume that there exists
(q,0) € U by applying a compactly support cut-off of a translation along
p-direction, which is a Hamiltonian map. It does not change cx(U) by (3).
Then we take a neighborhood X’ = R? of q. By (2), we have cx(U) > ¢, (U N
T*X"). To prove cx(UNT*X’) > 0, let us take an admissible open subset
W of UNT*X' such that (q,0) € W.

On the other hand, the functorial property |[Proposition 2.23t(1) shows
that UCZF/Z(W, K) = ity ([X]%/%) = %, ([X')%/%). So, we only need to think W
as an open subset of 7*X’ = T*R%, and then we can assume X = X' = R?
and q = 0 now. We take a standard symplectic ball B, C W, then ¢ (W) >
¢x(Baq) > 0. Consequently, we have ¢ (U) > ¢, (UNT*X') > ¢, (W) >0. O

Remark 2.26. We also see from ci(B,) = [k/d]a that if U is a bounded
open set (which is admissible by [Corollary 2.10)), then ¢ (U) < oc.

Remark 2.27. Finally, let us remark about the computability of c. As
H *C?/ é(U, K) is defined using Py, which is an object in the derived cate-
gory. Although it is unique in the derived category, we can take different
chain representatives of Py. Therefore, to compute ¢ (U), we can choose a
particular chain representative of Pr. Usually, these chain representatives of
Py admit properties that are not so obvious from general existence results
like [Proposition 2.8| and |Corollary 2.10]

In Section 3, we will see how to construct a chain representative of Px,,
for a toric domain Xg, using generating functions. The particular chain
representative helps us to compute capacities for convex toric domains.

3. Toric domains

The 2-dimensional rotation ¢, (u) = exp (—2imz)u on C,, is the Hamiltonian
flow of the Hamiltonian function H(u) = m|u|?. Here, we identify C, with
T*R, by u = q + ip.

Consider the product action of single 2-dimensional rotations given by

z - (uty ... up) = (exp (=2imz1)ug, . .., exp (—2imzq)ug).
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This is a Hamiltonian action of RZ, which is indeed a torus action, on C& =
T*V, where V = R‘é is a real vector space of dimension d, and v = q + ip.
We call it the standard Hamiltonian torus action on C¢ = T*V..

The moment map of the standard Hamiltonian torus action is

(3.1) p:Cl=T"V — (RY)* = Rg, p(u, .. un) = (tlug)?, ..o wlugl?).

Definition 3.1. For an open set Q C R%, we call Xq == p~1(Q) C T*V an
(open) toric domain. We say Xq is a convez toric domain if |Q| = {¢ €
RZ: (|¢1], .-, |Ca]) € Q} is convex. We say Xq is a concave toric domain if
Rg>0 \ Q is convex.

Remark 3.2. Since the moment map p has the image Rgzm the toric do-
main Xgq is determined by 2N Rgzo So we have freedom to choose suitable
Q. For example, we always assume —Rgzo C Q. If X is a convex or a con-
cave toric domain, one can indeed take 2 to be convex or concave (in the
usual sense) and satisfying the condition _Rgzo C Q. (e.g. replace © by
Q—-RL)

For example, we can take a non-decreasing sequence a = (aq,...,aq)
of positive real numbers, let Qp,) = {¢ € Rg 1 G < aj,i € [d]} and Qpq) =
{Ce ]R‘Cl : (% +-+ g—j < 1}. Then Xgq, ,, = D(a) is an open poly-disc and
X0p., = E(a) is an open ellipsoid. Both are convex toric domains.

3.1. Generating function model for microlocal kernel of Toric
domains

In [Chil7, Proposition 3.10], Chiu constructs a sheaf quantization of Hamil-
tonian rotation in all dimensions, particularly for the 2-dimensional ¢,, say
S € D(R, x Ry, x Ry,). This quantization possesses one more property than
we stated for general sheaf quantizations (see ([2.3))), namely

(3'2) S= RW(Q?v“'qu)!K{(Zm7---7QN+17t)5t+z_§\]:1 Sw(2/N,g;,q5+1)>0}>

where we identify qn1 with ¢ after pushforward, IV is big enough so that
z/N € (—1/4,0)U (0,1/4), and Sg is the generating function of the Hamil-
tonian rotation:

(33) Su(euad) = g A 4
’ LA 2tan(27z)  sin(27z)’
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The formula (3.2)) is essential when computing the Chiu-Tamarkin complexes
for convex toric domains.
Let

(3.4) T = 8% = Rs(8%9) € D(RY x V; x V3),

where V; = ]Rd The microsupport estimates show that 7 is a sheaf quan-
tization of the ‘standard torus action in the sense of . As a corollary of
[Proposition 2.8 we have

Proposition 3.3. A toric domain Xq is dynamically admissible by the
distinguished triangle

~ —~ 41
(35) ToKg — KAVQ x{t>0} —To KRZZ\Q —
and the pair of kernels

(3.6) Px,=ToKq,  Qx,=ToKgung.

This pair of microlocal kernels (Px,,, @Qx,,) constructed from 7 is called
the generating function model of the microlocal kernels associated to toric
domains.

Actually, by the microsupport estimate of T (see (2.4)), if
¢, z,q,p,d,p,t,7) € SS(T) then we have ( = u(q,p) € Rg>0 So, if ¢ ¢
R§>0 and (¢,2,q,p,d,p’,t,7) € SS(’T) we have (p, p’, 7) = 0. Accordingly,
for any ¢ ¢ R%. , we have SS(T| (¢.aq)) C {7 = 0} by the microsupport es-
timate (Theorem 1.4)). So 7'](4 aq) = Mg is a constant sheaf over R by @
orem 1.2 for some M € D(K — Mod). As T| ¢ aq) € D(pt), and we have
Tlcaq) = Mr = Mg x K|y oy = 0. We conclude that supp(T) C Rgzo-

Consequently, the kernel Py, satisfies

(3.7) PXQ =T oK & R'T‘-C!(T@KQXXQXRt) = RWC!(T@)K(QHR&O)XXQX]RJ?

which only depends on 2N Rgz()' So, it is the same as|Remark 3.2|that the

notation Py, makes sense.
In general, it is complicated to compute the Fourier transform T How—
ever, with the help of associativity of composition and convolution , we
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have
(3.8) ToKq 2 T xKo.

When Xq is convex, we can take a suitable ), which is convex in the usual
sense. Then, the Fourier transform KQ is easy to compute. Actually, when
Xq is convex, we have KQ =~ Ko by a similar argument with |Corollary 2.11
where

Q° ={(2,t) : t+(2,¢) >0, V¢ € Q}.

The assumption _RZ[>0 C Q shows Q° C Rd<0 X [0,00). Then we conclude
that when X¢q is a convex toric domain, we have

(3.9) Px, =T xKgo,  Fy(Xq,K)=Rr,Rs? (CLA(T) *Kqe) .

Example 3.4. Let a = (a1,...,aq) be a non-decreasing sequence of posi-
tive real numbers.

1) Suppose Qp) = {¢: ¢ < ag,i € [d]}, then Xq,, = D(a) is an open
poly—disc Let P, be the kernel of the open disc {r|u|> <7} in C, then
applies and Pp,) = P, B - P,,.
2) Suppose Qg = {¢: C% +-+ g—j < 1}, then Xq,,, = E(a) is an open
ellipsoid, and Q, o) = {(z,t) : t > —a1z1 = -+ = —agzq > 0}.
Leti:R. = RS, z = (a17,. .., aq42), then Koo = R(i x Idr) K> .>0-
Therefore, we have

PE(a) =T % R(Z X IdR)!K{tZ—zEO}
> ((i x Idg) ') * K> o0y & (i x Idr) 1T 0 K(_ oo 1)-

Here we should be careful that to obtain the second isomorphism, we need
to use the explicit formula (3.2) and ( .

One can check directly that (2 x Idg) 1T is the sheaf quantization of the
diagonal Hamiltonian rotation ¢, (u) = (exp( 2”” )ul, ..exp (= 2Zm)ud) i
the sense of . In particular, when a; = =aq = 7TR2 > 0, the con-
struction is the same as Chiu’s for balls.

Remark 3.5. For the concave toric domain case, the Fourier transform KAQ
is not as simple as the convex case (which is a complex only concentrated in
degree 0). Actually, K is represented by a complex of sheaves concentrated
in cohomological degree [0, d]. Accordingly, the results in the next subsection
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cannot generalize directly to the concave situation. However, some manual
computations of capacities for concave toric domains are still as predicted
in [Conjecture 0.C}

For toric domains neither convex nor concave, the first example we can

consider is an open annulus bounded by two concentric spheres. Then we can
take Q = {x € R?:a < > x; < A}. In this case, when T > 0, we _can only
extract numerical information about the exterior sphere from Kg. Then
we cannot know numerical information for the interior ball. Maybe it is a
feature of the present definition of capacities, we expect more understanding
to overcome this defect.

3.2. Chiu-Tamarkin complex and capacities of convex
toric domains

In this subsection, we focus on convex toric domains, that is, Xq = u~1(Q),
where 2 C R? is an open set such that {(¢1,¢y) € RY: (|G1,-- -, |Cal) € Q)
is convex. As we discussed in [Remark 3.2 we could take a convex € such
that Rg<0 C Q. The identity (3.7) shows that such a choice of  does not
affect the computation of Chiu-Tamarkin complex for Xq and we will see
this feature again in

One can verify that, under such conditions, the polar cone satisfies {O} x
R>o C Q2° C Rio x R>0, where O € R? is the origin. For T > 0, we set

QF =N {t=T}={2€R?: T+ (2,¢) >0,Y¢ € Q}.

We also define the function I(z) = Zle | =2i], z € R% For a subset
¥ C R?, we define

(3.10) 1X]loo = r?eaf;(HZHOO and I(X) = Igleale(z).

Then we have ||| = T'||2]]|co for T > 0.
For x,y € R?, the segment 77 is defined as {tz + (1 —t)y : t € [0,1]}.

Theorem 3.6. Let Xqo CT*V be a convex toric domain and £ € N>o. If
0<T <pi/|oo, we have

e For each Z € Q5 the inclusion of the segment OZ C Q. induces a de-
composition of the fundamental class n?/e(XQ,Fpe) = uI(Z)szg for a non-
torsion element Ay, € H*QI(Z)C?/K(XQ,IFW). In particular, n?/é(XQ,Fpe)
s nom-zero.
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e The minimal cohomology degree of H*C?/Z(XQ,FM) is exactly —21(27,),
i.e.,

H*CY (X0, F,,) = HZH OO (Xo, Fy,),

and
HOIC (X, F,,) # 0.

o H*C?/Z(XQ,IFW) is a finitely genZerglted Fp, [u]-module. The free part is

isomorphic to A =F),[u, 0], so H*CT/ (Xq,Fp,) is of rank 2 over Fp, [u].
The torsion part is located in cohomology degree [—2I(2),—1].

H*C%/E(XQ,IFPZ) is torsion free when Xq is an open ellipsoid.

Before proving let us use it to compute the capacities
Ck(XQ)

Theorem 3.7. For a convex toric domain Xq ; T*V , we have
cx(Xq)=inf{T'>0:32€ Qp, I(z) > k}.

Proof. Let S ={T >0:3z € Q%,I(z) > k}, L = inf(95).

For T € S, there is Z € Q5 such that I(Z) = k. Consider the closed
inclusion of the segment OZ C Q5. We choose a prime p with p > T'[|Q9]|cc-
Then for all £ € N>o with p, > p, we have py > T'||Q]||oc, and
shows that the closed inclusion induces a decomposition 77? (XQ,IFW) =
ukAZVg. SoT € SpeC(XQ, k‘), and L > Ck-(XQ)

Conversely, if T' € Spec(Xq, k), there is a prime p such that for all £ €
N>o with py > p there is a Ay € H*C?/Z(XQ,FPK) such that n?/Z(XQ,]FpK) =
uFA,. Now, we can take a prime ¢ =p, > p big enough such that T <
£/]1927]|o0, then n?/Z(XQ,FpZ) and A, are non-zero. Hence, we have an equa-
tion of degree: 0 = |77§’—-/€(XQ, F,,)| = 2k + |A¢|, which shows that 2k = —|A]|.

Therefore, [Theorem 3.6 shows 2k = —|A,| < 21(Q7). Hence T € S, and
n(Xq) > L. O

Here, we test the result by the example of ellipsoids. They are all direct
corollaries of [[heorem 3.6l and [Theorem 3.7

Corollary 3.8. Let Xq=FE = E(a1,...,aq) be an ellipsoid and (€
N>o. For 0<T <ppai, set Z(a)=(-T/ai,...,—T/aq). We have
H*C%/E(E, F,,) = u~1Z@OR,, [u, 6], the fundamental class is non-zero in all
cases, and cx(F) =min{T > 0: Zle |T/ai] > k}. In particular, ck(B,) =

k/d)a.
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3.3. Cohomology sheaf CLy(T) for the standard torus action

Recall the results of and discussions in It
is necessary to study the cohomology sheaf CLy(7T) carefully. Recall that

T = 8% = Rs%(S®9), where S is the sheaf quantization of Hamiltonian
rotation in dimension 2. Using the Kiinneth formula and [Proposition 2.19]
we have

Hd A
CLT) = Rt (((s8)71CLu(8)) ™) = Rsl ((s8) 7" (CLe(S)™)
=~ Rsﬁ (s~ (<cz (8)™4) = Rsfl (CLAS))™,
where z = (21, ..., 24). Moreover, an explicit formula for CL,(S) is obtained
by Chiu:

Proposition 3.9. ([Chil7, Formula (38)]) For all fields K, there ex-
ists a (unique) sheaf & € Dy (R,) such that we have an isomorphism in
Dz/e(R. x Ry)

(3.11) CLy(S) = ggéKm,m).
Moreover, for any N € N,

(3.12) Eg](_w/w) = RrgKyyx,
with ¢ = (q1, - ., qN¢),

ngv = {(Z7Q17"' 7(]N£> S (_N£/47O) X RNe : Z SH(Z/NE, Qk7Qk+1) Z 0}7
kEZ/NY

and

2, 2
UG+ Geyr  GrGrn
Su - .
(2, @hs Gr+1) = 2tan(27z)  sin(27z)
The Z/l-action on & is induced by the linear action (qx) — (qu—n) of Z/L
on RNt and 7]l acts trivially on R, x Ry.

A disadvantage for the formula (3.12]) is that we don’t know if the iso-
morphism can be extended to z = 0 since the right hand side is not defined
for z = 0. Such an extension is necessary for our later computation. So, let
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us start from an extension of the isomorphism (3.12]) to z = 0. Notice that
sin(2mz/N{) < 0 for z/N{ € (—1/4,0). One can rewrite W} as follows:

Wév = {(z,ql,...,qNg) € (—N/1/4,0) x RN .

cos(2mz/NY) Z i < Z QkaH}-

keZ/Nt keZ/Nt
Let us define

(3.13) Q(z,q1, - ave) = Y (arra1 — cos(2mz/NLO)gy) .
kEZ/NIZ

Since Q(0,q1,...,qne) is well defined, we can extend the definition of Wév
(using the same notation) to
(3.14)

Wév ={(z,q1,-..,qn¢) € (—N€/4,0] x RNE . Q(z,q1,---,qne) > 0}.

For our convenience, we also set, for z € (—=N/¢/4,0],

(315) ngv(z) = {(q17 s >qu) € RN( : Q(Z7QI7 .. '7qN€> > O}

The Z/¢-action on the extension is the same as the original one.
Now take

& = Ry Ky~ € Dy((—=N£/4,+00)),

where i : (—=N£/4,0] x RN¢ < (=N{/4,+00) x RN is the closed inclusion.
By the fundamental inequality, we have . ql% > >k Qkk+1, and it takes
equality when ¢q; = -+ = qny¢. So

ngv(o) - {(qh"'?qNZ) GRNK g1 = ZQNZ} :ARNZ.

Then we have that (£))o = R[(W} (0),Ka,,) = Rlc(Age, Ka,, ).
On the other hand, one can check that CLy(S)|z=0) =

L
RI(Age, Ka,, XK >0y by definition of CL,(S) since Slp.—gy =

L L
KAy ¥K >0y Therefore, we have CLy(S)1.—0y = (€7)oM¥K >0y
However, stalk-wise isomorphism is not necessary extend to a global one
in general. So, we need the following prove to obtain a global extension of

the isomorphism ([3.12]).
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Lemma 3.10. We have an equivariant isomorphism

Eol(=Neja0) = Eil(=neja0) = RrgKypn.

Proof. Using and one can show that
SS(Ee), SS((E0)(—neya0) € {¢ < 0}. Now, consider the distinguished trian-
gle

1
RI(0,00) ((€0) (—neya0) = (€0 (—nejan) = RE(—nesa0)((E0)(—nepag) — -

By definition, we have supp(RIjgc0)((€¢)(_ne/a)) € {0} On
(—Nl/4,400), the closed set [0,00) is defined by the function
f(z) =z and {f(z) >0}. Therefore, by definition of microsupport,
(RL 2201 ((€0) (_neja0)))o =0 since  dfo = (0,1) & SS((E)(_neyao))- SO
we have (RF{zzo}(2513)(71\/@/4,0]))0 ~(0 and we have an isomorphism
(o) (—neja0 = RT(—neya,0)((€e)(—nejao)- This isomorphism holds in the
equivariant category since the corresponding morphism is an equivariant
morphism.

The argunllent is purely microlocal, so we also have (Elf)(_]w /4,0] =
RF(—N£/4,0)((54)(71\[@/4,0])-

On the other hand, the isomorphism (3.12) and our discussion on
WY show that jfl((é’g)(_]w/w]) %jfl((é’é)(_w/w]) where j is the open
inclusion (—N¢/4,0) — (—N{/4,00). Therefore, the natural isomorphism
Rj.j ' = RI'(_ne/4,0) shows that

(€0)(—nea0) = Rj*jfl((gé)(fw/z;,o]) = Rj*jil((‘%)(_w/&o}) = (52)(—1\%/4,0] :

Finally, we conclude by restricting the isomorphism to (—N¥¢/4,0] and the
definition of &;. O

Topology of W} (z): We know that (&), = RI.(W}N(2),K) if
—N{/4< 2<0 (Lemma 3.10). For a fixed 2z € (—N¢/4,0], the function
Q.(q1,---,qn¢) = Q(2,q1,- .., qne) is a quadratic form by . Therefore,
it is easy to study the topology of WN (2) = {(q1, - .., qne) € RYV¢: Q, > 0}.
The matrix of ), in the standard basis is a circulant matrix

2 1 1

- COSl(%) 2 21z (1) 2

2 B COSI( 7) 2 21z 0

A, = 0 5 —cos(7) 0
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So one can diagonalize A, unitarily using the discrete Fourier transform

(w(i_l)(j_l))i,j:Z/Nfa
where w is a primitive N¢** root of unity. Therefore, the eigenvalues of A,
are

(3.16) M:(z) = Re (exp (W)) — cos (2N7r;'>

B (27rk> B (2%2)
= cos | =7 cos | 7 )
where k € Z/NY.

We always have A\g(z) = 1 — cos (2%2) > 0. It is direct to see that Ag(z) =
ANe—g(2) for k=1,..., Nl — 1. So, for k > 1, we need to consider two situ-
ations:

(a) If N¢is odd. For k=1,...,(N{—1)/2, \g(z) >0 if k < |—z|. There-
fore, in this case, A, admits #{k € Z/Nl: )\ >0} =1+2|—z] non-
negative eigenvalues.

2mz

(b) If N{ is even. The eigenvalue Ayyo(z) = —1 — cos (55%) < 0 since z >
—N{/4. For k=1,...,(N¢/2) =1, \(z) >0 if k < |—z]|. Therefore, in
this case, A, also admits #{k € Z/N{: A\;, > 0} = 14 2| —z| non-negative
eigenvalues.

In any case, we have that A, admits #{k € Z/N{: A\, > 0} =1+ 2| —z|
non-negative eigenvalues.

Therefore, W} (z) = {Q. > 0} is a quadratic cone of index 1+ 2|—z].
In particular, Wév (z) ={Q. > 0} is properly homotopic to a vector space
Ri+2[-2]

Now we can describe the non-equivariant structure of &|(_ - Here,
we forget its equivariant structure and use the same notation & -
In particular, &(_s,0] = 1/(—00,0) NON-equivariantly. Consider g leN —
(=N¢/4,0] for N¢ big enough, it restricts to a proper homotopical fiber
bundle with fiber R1™2" over each interval (—n — 1, —n] for n € N>q, and
n + 1 < Nt/4. Therefore, we conclude that |1 _n) = K1 _pj[~1—
2n]. On the other hand, in the non-equivariant derived category, Kz, and
K z,w][2] has no non-trivial extension if K is a field. Therefore, (&) (—n—1,—n]
has no non-trivial extension for different n. In conclusion, we have
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Proposition 3.11. For all fields K and for all { € N, we have the decom-
position in the non-equivariant derived category D((—o0,0]):

Etl(—oo0) = P Kno1,_ml-1—2n].

neN>g

To describe the Z/¢-action on W} (z), it is better to consider the diag-
onal form of @,.

Let x1 = (q1,...,qne)(1,w* w?, ... wWNE=DR ¢ C ke Z/NI. They
are coordinates after diagonalization using the discrete Fourier transform.
As w is a root of unity, we have that x;, = Tny_g. In particular, zq is a real
number. Also recall that A\;(z) = Ans—g(2). Then the diagonal form of @, is

N{—1

Q=(z0, 71, .., xNe—1) = No(2)xg + Z Me(2) k[,
(3.17) P

N{—1
(xo,xl,...,xNg,l)e]Rx(C .

Notice that the discrete Fourier transform that we applied is a complex
linear transform, it is easier to work in complex coordinates. However, the
constrains xp = Tyy_r shows that actually we only have half independent
complex coordinates, so the real dimension here is still N¢. To our conve-
nience in formulating the action, we still use the complex coordinates. We
also need to discuss parity of N/. Since N is chosen arbitrarily, we can always
assume N is odd. Then the parity of N/ is the parity of £.
If ¢ is odd, then the diagonal form is

(Ne—1)/2
(3 18) QZ(ZEOamla“'vx(fol)/Q) = AO(Z).T%+2 Z )\k(Z)‘LL’k‘Q,
' k=1
(l‘o, L1y 7x(N€—1)/2) € R x C(Né_l)/Q = RNK.

If £ is even, then the diagonal form is

Q:(0, 1, -, TNgj2—1,TNe/2)

Nej2—1
(3.19) =Xo(2)z5+2 Y M@zl + Avea(2)engl,
k=1
($0,$1, SRR xNE/Q—laxNE/Q) € R x CN€/2_1 xR = RNZ'

Now, the action is easier to describe under the diagonal form. By definition of
x, we have 1), = ZieZ/Ng ¢ir1w™. The Z/(¢-action is given by (g;) — (gi_n).
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Then we have

" "
Ty = Z Q1w = Z Git1-NW"
i€Z/NE i€Z/NE
kN i— Nk kN
=w Z Gir1- N TR = (N

i€Z/NE

Therefore, the Z/¢-action on the diagonal form is as follows: if we take
= w" a primitive ¢ root of unity, then
(3.20) po (k= (1w,

where k =0,1,...,N¢/2—-1if /isodd and k =0,1,...,N/{/2 if £ is even.
Consequently, the fixed point sets (Wév (z))Z/ ‘s again a quadratic cone,
whose index is 1+ 2| —z/¢|. The diagonal Agn: is given by {(z0,0,...,0) :
zo € R} in diagonal form, it is a subset of (Wév(z))z/e.
Finally, we return to the isomorphism of [Proposition 3.11] Take 2’ <

z < 0. Since SS(&) C {¢ < 0}, the microlocal Morse lemma (Corollary 1.6)
shows that RT'(R, (&).,0)) = (). Then there is a natural morphism

(&0)z ERI(R, (&) ) = RT(R, (&) ,0) = (Er)e-

On the other hand, the isomorphism in [Lemma 3.10| shows that (&), =
RI.(W} (2),K) = RT(R!*272) K). Then the natural morphism above is

given by
RI(R'2-#] K) — R (R'2L%] K).

The decomposition, [Proposition 3.11| tells us that the natural morphism is
0 in the non-equivariant category.

In the equivariant category, the morphism is induced from a vector bun-
dle

R1+2L—Z’J Xz/g S — R1+2L_ZJ Xz/g SOO,

which is a lifting of the following vector bundle
R1+2L*Z'J X g1 SOO N R1+2L775J X g1 SOO

via the natural restriction Z/¢ C S*.

So, in the S'-equivariant derived category, the morphism is given by
the mod K reduction of the (Z-coefficient) top Chern class for the second
vector bundle, which is (|—2z'|!/|—z|Dul=?1=172] € Ext}, (K, K), which is
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non-zero. After restricting to the Z/f-equivariant derived category, the mor-
phism is non-zero for a suitable reduction in a finite field K. For example,
we could require 0 < |—2'] < char(K) to make sure that the morphism is
NON-Zero.

The higher dimension (d > 2) case: Now, we start to discuss the
higher dimension situation. We already know that CL,(T) = CLy(S)®?.
Then |Proposition 3.9 shows that

L L
(3.21) CLNT) = EMRK (503

L
As the decomposition indicated in |Proposition 3.11 &&d’ {z<0) has a de-
composition on {z < 0} indexed by lattice points. Besides, we also have a
L

topological description of Sg@d|{zgo}. Let us first discuss the topological de-
scription and then state the decomposition. Since we have d copies of &, it is

convenient to denote q = (¢!,...,¢%) € R% = Vq- Then [Lemma 3.10| shows

us

L

(3.22) &M

= Rﬁq!KH.7 WY,
(—N2/4,0]4 - e

where Wé]\g means the ith copy of one WéN, icld={1,...,d}, g=
(a1,---,9n¢) and q; = (g}, ..., q%). Let 2 = (21,...,24), we also define

d
WY =W = {(z.qu, - ane) € (—NE/4,01% x VIV
i=1
Q- ((h)wevg) = 0, i € [d]},
d
W (2) =T Whi(z) = {(ai, . ...ane) € VN
=1

in((qz)ke[NE]) >0, 4 € [d]}.

The group Z/¢ acts on each WY via (4 keive — (4),—n)ke[vg. Therefore,
Z./¢ acts diagonally on W} via (k) keivg + (Ak—n)revg-
The diagonalization applies for each i € [d], and then on YW/ (z). We set

X = (zh,...,2) and x* = (w’l, @), then the coordinates of AW (2)
after diagonalization are (z}.);r = (Xx)r = (x*);, where k =0,1,..., (N —

1)/2if £is odd and k =0,1,...,N¢/2 if { is even.
So for each z = (z1,...,2q4) € (—N{/4,0]%, the space W} () is a prod-
uct of quadratic cones of indices 1 + 2 L—zZJ respectively, and then dleN (2)
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is properly homotopic to a quadratic cone of index d + 2I(z), where I(z) =
Z?:l L—ziJ. Therefore, dWéV (2) is properly homotopic to R4/ (2) and a
refinement of this fact will be proven in

The fixed point sets (dleN (z))Z/ “is also properly homotopic to a
quadratic cone of index d 4 21(z//). The diagonal Ay~ is given by {(x},)ix :
Vi, Vk # 0, 2 = 0, 2} € R} in diagonal form, it is a subset of (dWéV(z))Z/é.

To be clear, let us set some higher dimensional interval notation. For
z,y € R, we let (z,y] = Hle(mi, yi] be the half-open cube from z to y. We
can define half-open cubes [z, y), open cubes (z,y), and closed cubes [z, y]
in the same way. Recall that we use Ty to denote the segment between x, y;
only when d = 1, we have Ty = [z, y]. Also, recall O € R? is the origin, and
we set 1 =(1,...,1) and e; = (5ij)§l:1 where 0;; stands for the Kronecker
symbol.

Then either our topology description of dWZN or the decomposition result
[Proposition 3.11|shows that

Lemma 3.12. For each z < 0, we have the equivariant isomorphism

(&%), = RT(RT3) K) = K[-d — 21(2)).
In the non-equivariant derived category, we have a decomposition as follows:

EM ooy = B K(Coo1,-y[—d — 21(-v)].

vENE
In the equivariant derived category, for 2,z € (—o0,0]%, if 2L < z for all
i € [d], the natural morphism,
&MY, 2 K[—d - 21(2)] — &P, 2 K[~d — 21(z)],
is induced by the mod-K reduction of the top Chern class of the vector bundle
RdJrQI(Z/) X g1 ES® — Rd+2[(z) X g1 SOO,

where S' acts on R trivially, and acts on R2(Z) by the weight

((17 R l_ziJ))ie[d}-

Propagation and v-topology Finally, let us describe a propagation
phenomena of &. It is simple but crucial for our later application. No-
tice that, for a given z € (—N¢/4,0], the map z — W} (2) is a decreas-
ing map with respect to the inclusion order. Microlocally, it means that
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SS(&) € {¢ <0}, which is already known to us as a general fact from the

microsupport estimate (by |Corollary 1.6| for example). We have, for z < 0,

that
(&) = RL(R, (E)s0) = K[-1 — 2] —z]].
In higher dimension, the same thing still happens. For z € (—oo, 0]¢

compute directly, using to see that

, We can

(3.23) (EY). = RIL(RY, (€84, o)) = K[—d — 21(2)].

However, as SS(EFY) c RY x (—00,0]¢ and [2,0] = ({z} +[0,00)%) N
(—o0, O]d, the isomorphisms can also be obtained pure microlocally.

For a closed proper convex cone v C R, we can consider the y-topology
on R4 We refer to [KS90, Section 3.5, Section 5.2] and [KSI8] for more
about the definition and sheaf theory related to «-topology. A closed subset
Z C R%is v-closed if Z = Z — ~. Now, consider the induced topology of the
v-topology on . Then the notation ¥, = (X — ) N~ is exactly the closure
of the ~-topology for a closed set ¥ C ~. So, for a closed subset ¥ C ~, we
say X, the vy-closure of ¥ and we say ¥ is y-closed if ¥, = X.

Now, let us take a sheaf F' € D(RY) satisfying SS(F) c R? x (—v). Then
we claim that if ¥ is compact and convex, we have that

(3.24) RT.(RY, Fy) = RT(RY, Fy,).

We can give a proof of as follows: The microsupport SS(F') C
RY x (—7) together with the microlocal cut-off lemma [KS90, Proposition
5.2.3] shows that F, is a —7-sheaf on R, i.e. F, is pullbacked from a sheaf
on R? equipped with the —y-topology. Then its global section over ¥ is
isomorphic to the global section over the y-closure ., by [KS90), Proposition
3.5]. .

Now, as SS(EF4) c RY x (—oo,O]?, we can take vy = (—o0,0]¢, which is
a proper convex cone. So, we can talk about X, for a closed subset ¥ C 1.

L
For example, {2}, = [z, O] for z € v. Then we apply (3.24) to Ee&d to obtain
the first isomorphism of (3.23)) and the stronger result: for a compact and
convex set X, we have

(3.25) RL(RY, (£)s). = RTL(RY, (E0)s,)-
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3.4. Proof of [Theorem 3.6

In this subsection, we will prove the structure theorem.
Idea and sketch of the proof: We present (Fy(Xqg,K))r as

RI. (Rd, (5g®d)QoT), to which we can apply the results in [subsection 3.3

Now, consider the inclusion sequence {O} C ZO C 5, then we have a com-
mutative diagram.

L

R, <Rd, (€50 ) LRI, (Rd, (gﬁd)zo> L K[—d - 21(Z))

R, (Rd, (gﬁd)o) — = K[|

By definition, the inclined arrow composed with the bottom isomorphism
gives the fundamental class, and we call the upper horizontal arrow (up to
constant) Az,. [Lemma 3.12) shows that (up to a constant kz) the vertical
morphism is u!(Z. Eventually, we absorb the constant into Az, since the
constant is uniquely determined by Z and ¢. The commutative diagram in-

~

duces a decomposition 177Z;/ Z(XQ, K) = u! 2\ z,- In particular, the presence
of Az shows us the minimal cohomology degree is smaller than —27(Z) for
all Z € Q7.

To achieve the non-torsioness, we need to prove that the fundamental
class 7]?/ Z(U ,K), a degree 0 morphism, is non-zero. We have two approaches.
The easiest one is to take a small ball B C U, and then we apply the com-
putation for balls (which can be derived directly from . The
harder one is that we study its cocone, which is computed by homology of
a union of finite dimensional manifolds.

I will discuss the harder approach since it provides us with more struc-
tural results, for example, rank and degree distribution of torsion ele-
ments. We will argue by a localization trick. In particular, we show that
H *CYZ/ Z(XQ, [F,,) is a finitely generated module over [, [u] whose free part
is of rank 2. Then the argument also shows that torsion cannot happen in
non-negative degrees.

Finally, we study further the cocone of the fundamental class to show
that the minimal cohomology degree is greater than —21(Q7,).
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Therefore, our technical discussion will focus on the formula for
RT, <]Rd, (&gd)w) for a locally closed set W C €27, and its minimal de-

gree estimate. We will organize our arguments in the following way:

e We first compute (Fy(Xq,K))r wusing its isomorphism with
RT. <Rd, (&éd)gg>, where Egéd is discussed in the last subsection.
Consequently, we derive a similar formula for the cocone of the fundamental
class, i.e. RI', (Rd, (Egéd)g% \O)- Then the result of the last subsection will

reduce them to a cohomology of a topological space W} (3 (see (3.29)
later for its definition). We will achieve the targets in [Lemma 3.14

L
e Recall the lattice decomposition (Proposition 3.11f) of the sheaf Eggd. We
hope to utilize the lattice description to obtain a minimal degree estimate
for the cocone of the fundamental class. A problem here is that we are
computing cohomology of sheaves over {17, while Q7. is usually curved. So,
our idea is to decompose €17 into “almost cubes”, which are introduced in
m Next, we will study the proper homotopy type of Wév (Q7) in

the case that QF. is an almost cube. This is

e Finally, we use the computation for almost cubes as an induction step
to obtain the minimal degree estimate in general. This is done using the
Mayer—Vietoris sequence in After that, we will finish the proof
of [Theorem 3.6l

Remark 3.13. A technical fact is that in the induction process of the min-
imal degree estimate, we have to deal with some sets that are not necessarily
convex. However they are y-closed. So, we will present the result for «-closed
set X, not only Q7, from the beginning in the following.

Preliminary lemmas: For a convex toric domain Xgq, by the discussion

following (3.§), we have Q° C 4% x [0,00). Then (2.17) and (3.21]) show that
2 (o R L 1
(3.26) Fy(Xq,K) = R, Rsj (5@ &K{t120}®7ﬁ; KQO)
R
= R [(55 gK{tZO})QO} :
Therefore, we conclude that

(3.27) (Fy(Xa,K))r = R, (Rd, (&éd)g% > :
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In particular, for Xga« = T*V, we have
(Fy(T*V,K))r = RI, (Rd, (sﬁd)o) >~ K[—d].
Then, by definition, the fundamental class is
RT, <Rd, (&éd)g% ) — RI, <Rd, (&éd)o) >~ K[-d].

For Z € Q5 we apply (3.25)) for the segment ¥ = ZO, then we have (recall
that [Z, O] denotes a cube here)

RIc(RY, (67)70) 2 RU(RY, (€7)z,0)) = K[~d - 21(Z)],

since [Z, 0] = ZO.,. Now, we can embed the fundamental class into an ex-
cision triangle:

L

RT. (Rd, (5e&d)g;\o> — RI. (Rd, (&&d)%)

7/e L
Nt (XﬂvK) RFC <Rd, (gzgd)o> +.1> .

Both Q7 and ZO are compact convex. We would like to apply the iso-

L
morphism to compute the cohomology of é’ggd in term of dWéN .
Assumption: For any compact subset ¥ C v, we will fix an odd integer
N = N(X) > 0 and a positive number & > 0 such that ¥ C [-N{/4 — ¢,0]%.
The existence of N and ¢ is ensured by the compactness of 3.

Lemma 3.14. For a compact set ¥ C vy such that XN [x,y| is empty or
contractible for all x <y, x,y € v (recall here, [x,y] means the closed cube
from x toy). We have

(3.28) RI. (Rd, (sﬁd)2> =~ RI. (W} (2),K)
where
(3.29) WNE) = (W () =7 (W n (B x V).

Z€X
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As ¥ = QF is convex for T' > 0, we have, in particular

(Fu(Xo, K))r = BRI (B, (605 ) 2RI, (WP (05),K)
(3.30)

L

RI. <Rd) (gflzld)ﬂ%\o)) =RT. (WéN(Q%) \ AVNeuK) .

Proof. For N = N(X) > 0 and € > 0 such that X C [-N/£/4 — ¢,0]%, we have
L

the isomorphism ((3.22)) gg®d|[_N4/4_€,0]d = Rﬂg[Kdngvm([,NgM,S’o]dXVN@),
and then we obtain

L

Rl (Rd» (&gd)E) = Ry ((Rﬂg!de;V)z)

= Rﬂ-z!Rﬂg!KdWéVﬁ(EXVNIZ)

= Rﬁg!Rﬂ_Z!KdW[fVm(EXVNE).

Claim: When restricted to WY N (T x VNG, the fiber of 7, is compact
and contractible if it is non-empty. Indeed, Chiu proved, in the Lemma
4.10 of [Chil7], that the fibers of the restriction of 7, on W N ([-N//4 —
£,0] x RV%) are closed intervals. So the fibers of the restriction of 7, on
YWN N ([-NL/4—¢,0] x RNV are closed cubes. Hence, the fibers of the
restriction of 7, on dWéN N (X x V%) are intersections of closed cubes and
>, which are either empty or compact and contractible by assumption.
Consequently, the Vietoris-Begel theorem implies

RKaprnmxvaeny = Ke @wrynmxvae) = Ky ).

Therefore, RI'. (Rd, (Sg&d)g) = Rmq (Kyy~(s)) = RI. WN(®),K) .

The statements involve ¥ = QF, follow from the discussion above the
lemma. OJ

Remark 3.15. The condition in the lemma is true for compact convex
sets 2. For our last applications, we need to, in adition, consider ~y-closed
sets for v = (—o00,0]%. For a closed set ¥ C v, the 7-closure is defined as
Y, = (X —7)N~y. We say ¥ is y-closed if ¥, = X. For example, v \ (7 + 2)
is y-closed for z € v, and the intersection of two 7-closed sets is ~-closed.
The v-closed sets satisfy the condition of Indeed, for a closed
cube [z, y] with z,y € 7, a y-closed X, and any z € ¥ N [z, y], we have Tz C
¥ N [z, y]. Therefore, ¥ N [z, y] is star-shaped and then contractible.
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As z — W(z) is a decreasing map, one can see that W (X) = WN(Z,)
for all compact subset ¥ C «. In particular, if ¥ satisfies the condition of

Lemma 3.14] then the lemma implies that
Rl <Rd, (gem)zw) = R, (Rd7 (&gd)z) ;

which can be seen as a generalization of (3.25) (which is only true
for compact convex subsets) for compact sets satisfying the condition of

Lemma 3.14] Later, we will mainly focus on ~-closed sets ..

Now, to understand the cohomology of W/ (X) (see (3:29)), we start
from a special case that ¥ is an “almost closed cube”, which will be defined
in [Cemma 3.16l Let us recall some notation and introduce some new ones.

First, recall that, for z,y € R, we let (z,y] = Hle(wi, y;] be the half-
open cube from x to y. Similarly, we define open cubes and closed cubes
in this way. Also, recall O € R? is the origin, and we set 1 = (1,...,1) and
e; = (51-]-)?:1 where §;; stands for the Kronecker symbol. For simplicity, we
also denote C; = [z, 7 + 1) for x € R%.

Next, for a compact y-closed set X C vy, we set

Je=(-2)nziy={vezly: (-2)NnC, £ 2},
OJs ={vedg:Vivt+e gJst={velg: (-X)N(C,\Cy) =T}

The compactness of ¥ shows that both Jx; and dJx; are finite sets.

Lemma 3.16. Let ¥ C v be a compact y-closed set. Then dJs, = {v} for
some v € Z%O if and only if [O,v] C =X C [O,v + 1) for the same v € Zéo.
We say that X is an almost cube if it satisfies these equivalent conditions.

Proof. When [O,v] C =% C [O, v + 1), taking the intersection with C,, \ Cy,
for all w € Jx;, we obtain

[0,v] N (Cw \ Cw) € (=%) N (Cu \ Cw) € [0, 0+ 1) N (Cy \ C)-

Then we can obtain dJy, = {v} from that [O,v] N (Cy, \ Cy) = @ only when
v =w.

Conversely, when 0Jy = {v}, we have —v e 3. So ¥ =X, implies
[—v,0] = {—v}y C Z. Now, suppose —X ¢ [O,v + 1), then thereis a z € &
such that —z; = v; + 1 for some i € [d]. Therefore, v+e¢; € Jy. If v+ e; ¢
0Jy, the argument repeats and there exists another j € [d] such that
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v+ e; + ej € Ju. We can continue until we obtain a index set I (with possi-
ble multiplicities) such that v+ ) ;e; € 0Jx. Since Jy; is a finite set, then
the index set must be finite. However, 0Js; = {v}, then v+ ), e; ¢ 0Js.
Hence we get a contradiction. Then —% C [O,v + 1). O

Here, we are going to prove a refinement of the fact that dWéN (—v) is prop-

erly homotopic to R4T2/(=?) as noticed before [Lemma 3.12

Lemma 3.17. For a compact y-closed set ¥ C v with dJy = {v}, i.e. ¥
is an almost cube, the subspace R x CI(=Y) is q strong deformation retract
of leN(E) under a proper deformation retraction. Moreover, Ay~e = R4 x
{0} € R? x CH=Y) is invariant under the retraction.

Proof. Here, we use the diagonal form of @, we introduced in (3.17).
Ne—1

Then the coordinate system on (R x C = ) is (20)ik = (xk)k = (x);
with x, = (z,...,2¢) and x* = (2, ...,2%), wherei € [d] = {1,...,d}, k =
0,1,...(N¢—1)/2if £ is odd and k= 0,1,...N¢/2 if ¢ is even. For short-
ness, we only deal with the £ odd case. The ¢ even case has the same proof
with minor corrections on the notation. Recall that

WH(E) = {(x"); = (zh, 2})ix : T2 € B,Vi, Q. (x") >0},
Ayne = {(Xz)l = ($67$;c)2,k Ve >1,i € [d], such that x}c = 0} .

For 0 <m < (N¢—-1)/2, i €|[d], consider hin:RxC% x [0,1] - R x

C1\722717
hﬁn(azg,xi,x’;,t) = himt(xf),xi,xi) = (xé,xi,tm‘;),
where 2!, = (2%,...,2},), #° = (2!, 11,2510, - ’xéNZfl)/Q)‘
By assumption of the lemma, v € —¥ C [0, N¢/4)?. Then we have

Ne—-1

d
0< v < Ne/4< (NL—1)/2. Now, define H,:(RxC 5 )" x[0,1] =
Ne—1\d
(RxC™5)" by

_ 1 d
Hyp=hy ¢ X xh

Va,t*
Then we have H, i is the identity map. Next, we have the following:

o H, (WN(X)) c WN(E). Indeed, (x%); € WY (X) implies there exists z €
3 such that for all i € [d], we have Q.,(x%) > 0. So, in the diagonal form
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(3.18), we have for all 7 € [d],

oz ]x0|2—|—22)\k 2ol =2 D (—An(z)|ag
k>v;+1

Now —X C [O,v + 1) implies that z; < v; + 1 for all i € [d], hence Ag(z;) < 0
for k > v; + 1 and for all ¢ € [d]. So

o(zi) ]x0|2—|—22)\k (z)|2k]? > 2 Z YR EEAR
k>v;+1

> 22 Z —r(20))] 2L |2,
k>v;+1

i.e., Qs (hy, +(x) >0 for all i € [d]. Hence H,(x,...,x%) € WN ().

o Hylyyx~ (s, is proper. Indeed, taking (x%); € WN () such that H,((x?);) €
[—M, M]%, we have that Y 3 |=4|> + D kvl tat|? < M, for all i € [d].
Obviously, >} |z}|> < M, for all i € [d], and

2 max | Ap(2)|M > Ao(2)|zh)? +QZ)\k (z)|2k)?

=0,...,v;
ZGE k=0
> 2 Z —k(20)|2k]?
k>v;+1
>2 min [ \e(z)| Y [ahl”
22 min ()l Y el
ZEX k>v;+1

Since Ak (z;) < 0for k > v; + 1, and z € X, we have ming>, 41 [Ag(2)| > 0.
ex
Consequently, -

k:nllax Ak (2:)]

; by
R M = KM
ot Gin (A (z))
zZ€EX

It means that 7" |2}, |* + D1 [74])* < (1+ K)M, for all i € [d], where
K = K(X) is a constant only depending on W} (2).

So, we have shown that the pre-image of a bounded set under HU‘W,ZV )
is bounded. It means that Hv|wgv(2) is proper.

Hence HU|WZV(E) is a proper homotopy with HU71|W;V(E) = Idyy~ ()



Capacities from the Chiu-Tamarkin complex 509

o RY x CI= X{O}CWE()Let( )ERdX(CI ~v) x {0}. This means
that for all i € [d], x* = (z}, 2%, 2" ) satisfies z°. = 0. Since z = —v € X, by
assumption, it is enough to check that Q_,,(x’) >0 for all i € [d]. Now
Ap(—v;) >0 for k=0,1,...,v;. Then for all i € [d], we have

Vi
Q—v, (20, %, 0) = Ao(—vi)[af]> +2 ) A(—vi)la | = 0.
k=1

So (x%); € W () and then ]Rd x C1=) % {0} c WP(D).
o H,o(WN (X)) Cc R? x CI=") x {0}. Indeed for (x'); € WY (X), we have

hii’o(xi) = (x%,er,O) for all ¢ € [d]. Then HMO(WéV(E)) c R? x CI(=v) «
{0}.

On the other hand, by definition of hf,i, we have
hf)i(xf),xi,o,t) = (xé,xi,tO) = (a;f),a:i,()).
SO Hru’t‘RdX(CI(—U)X{O} = IdeX(CI(—v)X{O} fOI‘ all ¢ S [0, 1]. Therefore, Rd X

C'=v) x {0} is a proper strong deformation retract of WH(E) under
H O

Below, we will frequently use the equivariant global section functor
RI. <Rd, (Eggd)w) for locally closed set W C . Then we denote it by

(3.31) LE(W) == RI, (Rd, (gﬁd)w) ,
for shortening the length of notation until the end of the subsection.

Lemma 3.18. Let ¥ C~ be a compact ~-closed set such that X C
(—pel, O]. Recall the notation I(X) at (3.10). Then

Bxtyf (PE(S\ 0). ) 20 ifq ¢ [-20(5),~1]
The ¥y, -vector space Ext%/ed (TE(XN\ 0),F,,) is finite dimensional.

Proof. We proceed by induction on |Jx|. We notice that the maximum I(X)
can be achieved by some v since ¥ N Z¢ is finite. Moreover, if v € Jy; satisfies
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I(—v) = I(¥), then v € 9.Jx. We will use the excision distinguished triangle
(3.32) TE(E\ 0) = TER) B 1e(0) .

If |Jx| =1, that is Jy = {0}, then shows that ny is an
isomorphism in the derived category. Then I'€(X \ O) = 0 by (13.32) and the

result follows.
Now, we suppose the result is true for all ¥ such that |Js
we distinguish the cases |0Jx| =1 and [0Jx| > 1.

< |JE| and

1) If 0Jx = {v} is a singleton, i.e. ¥ is an almost cube. The case v =0 is
already done and we assume I(—v) > 0. Then the excision sequence ,
[Lemma 3.14] and |[Lemma 3.17|together show the isomorphisms in the equiv-
ariant derived category

TE(T\ 0) = RT.(W)(2)\ Ay, Fy,) = RI(SH L Fy, ) [—d — 1],
where the action of Z/¢ on S*/(=*)=1 is given in (3.20). We have
Ext;  (TE(2\ 0),Fy,) = Ext}l) (RI(SY VL F,,), Fy,)
= EXt*+1 ((Fp[)svf(—v)fl y W}!5<21(7ru)71)

~ ¢ —v)—
= H%{k—l(SQI( ) 1,[5‘”),

where we used the equivariant Poincaré duality, which holds since S?/ (-v)-1

is compact and orientable.

Under the assumption ¥ C (—p¢1, 0], the Z/f-action is free by (3.20).
Hence H %i{l (8?1 (=v)=1, [F,,) computes the usual cohomology of the quotient
Qzje = S2(=v)=1/(7,/¢), which is the lens space of dimension 2I(—v) — 1.

Then, we have

Fp,, q€[0,2I(—v) —
0, q¢10,2[(—v) —

I
].

1

HQ(QZ/Z) - { 1

Converting to cohomology degree, we obtain: Ethed (FE(XN 0),Fy,) is con-
centrated in [—2I(—v), —1] and finite dimensional.

The proof of this part is independent of our induction, so it can be applied

to the second case.

2) If |0Jx| > 2, take v € OJx, such that I(—v) = I(X). Then we can take
1> § > 0such that ¥ N (v 4+ (61 —v)) C (—v,0]. This is possible due to the
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compactness of X. Let us define:

A=[20(+ (61— v)),,

(3.33) B=Sn[\G+(E1-v).

Then we have a closed covering > = AU B. Moreover, both A and B are
compact y-closed sets, then so is AN B (see [Figure 1)).

C_y C_y Cf'u
T <+ = \r\\r T T <+
L_\ L
\ \ \
( | , | ( |
o 4 & B S0 AnB

Figure 1: The picture illustrate the construction of A, B. ¥ is the back-
ground blue set.

Then we have the Mayer-Vietoris triangle,
TE(E\0) - TE(A\O)@TEB\ 0) = TE(ANB)\ 0) 15 .

Next, we apply the EXt;?Z (= Fp,) = Exty ), (=, Fp,[—d]) to obtain a long
exact sequence

Extd (TE((ANB)\ 0).F,,)

(3.34) Exty ¢ (P£(A\ 0).F,,) & Ext} { (CE(B\ 0),F,,) -

*— +1
Extmd (TE(Z\ 0),F,,) — .
By our construction (3.33)), we have

e [0J4|=1. Hence we can apply the result of (1). So that
Ethzd (TE(A\ O),F,,) is concentrated in [-2I(A), —1] C [-2I(X), —1].

e |Jp| <|Js|. We can wuse the induction hypothesis, hence
Ethzd (FE(B\ 0),F,,) is concentrated in [—21(B), —1] C [-21(X), —1].

o |Jang| < |Jx|, since Janp C Ja but v ¢ Jynp. Then we can use the in-
duction hypothesis, that Eth; (F'E((ANB)\ O),F),,) is concentrated in
[-2I(AN B),—1]. Moreover, in J4, v is the only lattice point such that
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I(—v) = I(X), then for all v' € Janp C Ja \ {v}, we have I(—v") < I(X).
Then |I(AN B)| < I(), and [~21(A N B), —1] C [-21(%) + 2, —1].

Therefore, it follows from the long exact sequence - that
Extz/; (FE(X\ 0),F,,) is concentrated in [—2I(X), —1] and finite dimen-
sional. 0

Now, we are in the position to prove [['heorem 3.6

Proof of [Theorem 3.6l The equation (3.30) says that (Fy(Xq,Fp,))r =
I'E(27). Now, consider the inclusion sequence {O} C ZO C Q7 of closed
sets. Then we have a commutative diagram:

TE(Q5) —— TE(ZO) —= F,,[~d — 21(Z)]

Sl e

Ry [d
By definition, the inclined arrow compose with the bottom isomorphism
gives the fundamental class 77?/ E(XQ,IFW). The terms I'E(Z0) and TE(O)
are computed using and (3.25)). [Lemma 3.12|also shows that the
vertical morphism is kzu!(%), where ky is a constant only depends on Z. We
absorb the constant into the horizontal arrow, then we call it Az,. There-

fore, the commutative diagram induces a decomposition n:ZF/ Z(XQ,]F];[) =
UI(Z)AZ@.

Now, let us embed the fundamental class 17?/ Z(XQ, F,,) into the excision
triangle (the triangle for ¥ = QF)

o o i (XaF,,) +1
(3.35) re@Qr\ 0) - reQy) reo0) — .
So, after applying RHomy /(—, Fy,[—d]), we get the distinguished trian-

gle:

omz,/e\Nr Q, |2 d
RI‘(V7 W‘Z//E) N C]Z"/Z(XQ,]FPZ) RHomgz, (77 (X ).F [ 1)

RHomy, s (TE(Q5\ O), Fp, [d]) = .

(3.36)

Here V = R? and it is equipped with the trivial Z/¢-action. Taking coho-
mology for the distinguished triangle, we get a long exact sequence of the



Capacities from the Chiu-Tamarkin complex 513

Chiu-Tamarkin cohomology:

*— 7
EXtZ/zd (nT/e (XQ 7IFP[ ) 7IFP[ )

* x ~L[E
Z/Z(V’Fm) — H CT/ (XQ?FPZ)

*— e} 1
Ext} ((TE(Q5\ 0),Fp,) = .

(3.37)

When 0 < T < pg/||95 ||, we have QF C (—p,1, O].

Then we can apply [Lemma 3.18] Extzﬁd(FE(Q% \O),F,,) is a finite
dimensional graded [, vector space which is concentrated in degrees
[—21(€2%), —1]. Then, it is torsion as a F, [u]-module.

One the other hand, Hg/z(V, Fp.) = Bxty ), (Fp, [—d], Fp, [—d]) = Fp, [u, ]

is concentrated in [0, co).
Therefore, after tensoring with F, ((u)),

*— Y/
Exty f (7 (X, Fp,) Fp,) @5, fu) Fp, (1))

is an isomorphism of F,,((u))-vector spaces. Then, we conclude that

Ext%?f(n?/g(XQ,Fm),Fm) # 0 and so 7’]?/£<XQ, F,,) # 0. Moreover, we have
ol

that H*C;/"(Xq,Fp,) is a finitely generated F), [u] module whose rank is 2
and the torsion part of H*C?/K(XQ,IFW) is EthZd(FS(Q% \O),Fp,).

Now, for the F,, [u] module H *C’IZ/ Z(X o, Fp,), its free part is concentrated
in [0,00) and its torsion part are concentrated in degrees [—21(2%.), —1].
Then the minimal degree of H*C?/K(XQ,FPZ) is at least —21(£27.), and tor-
sion elements of H*C?/Z(XQ, [F,,) only appear in degree [—21(€27.), —1].

On the other hand, this estimate is sharp. Indeed, we take Z € (27,
such that I(Z) = I(27). Then the decomposition TI?/Z(XQ, Fp) =u/ @Az,
shows that we have a degree equation: 0 = 2|I(Z)| 4+ |Az,|. Then |Az, /| =
—2I(§25,) realizes the minimal degree —21(Q7,).

For the ellipsoid FE(a)= Xq,,, (see (2)), let Z=
(=T/ay,...,—T/ay), then (QE(G))OT = 70 is a segment. So, we can com-
pute H *C’?/ Z(XQ, [F,,) directly from and Az, we defined above
induces an isomorphism of A module. So H *C’ E(XQ, [F,,) is torsion free as
a [, [u]-module. O

4. Contact invariants

I will explain how the Chiu-Tamarkin complex works for the contact geom-
etry of (contact) admissible open sets in the prequantized space T*X x S!.
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__ For any open set % C T*X x . S1, we can lift it to a Z-invariant set
% C J'X in the sense Ty (%) = %, where T}(q,p,t) = (q,p,t + k) for k €
Z. In this way, we can discuss sheaves microsupported in J'X \ % . Then
D, X\,,j(X ) and its left semi-orthogonal complement are all well-formulated.

Specifically, for 2 = J'X \ @v, we define

Dy (X) ={F € D(X) : ps(F) C Z},
DS, (X) =tD%(X), the left orthogonal complement of D% (X).

Same as the symplectic case, we can define the notion of admissibility and
microlocal kernels. To make it compatible with the Hamiltonian action of
contact isotopy as we discussed in we will use composition
functors rather than convolution functors. On the other hand, in the sym-
plectic case, we require that microlocal kernels are objects in the Tamarkin
category. Now, we need a (2-variable) variant version of the Tamarkin cat-
egory for contact microlocal kernels. Let Z(X?) be the full triangulated
subcategory {F € D(X2 x R?) : FoKy,5yy — F} of D(X? x R?). Then
we define

Definition 4.1. We say % is K-admissible if there is a distinguished tri-
angle

+1
Py = Kaox itz = L —,

in 2(X?) such that the composition functor 0% is right adjoint to
DY, (X) — D(X) and 02y is left adjoint to DY (X) — D(X), i.e.,

D% (X) €22 D(X) 224, DG, (X),

are two microlocal projectors.

Such a pair of sheaves (P, 24,) together with the distinguished trian-
gle give an orthogonal decomposition of D(X) by [Proposition 1.10} We call
the pair (P, 24) microlocal kernels associated with 7 C T*X x S!, and
the distinguished triangle as the defining triangle of % .

We say % is admissible if % is Z-admissible.

The uniqueness and functoriality has the same proof, just need to re-
place convolution by composition. We have the existence of kernels for the
prequantized open set U x S! where U C T*X is a symplectic admissible
open set. Precisely, we have the following proposition.
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Proposition 4.2. IfU C T*X s (symplectic) admissible by the following
distinguished triangle:

1
Py — Ka x>0y = Qu .
Then U x S' € T*X x S' is (contact) admissible by the following distin-

gquished triangle:

+1
Pusst = Kaoxita>t) = Luxst —,

where Pyygr = m_lpU, = m_lQU and m(t1,t2) =t9 — 1.

Notice that we have Ka _, x{1,>t,} = 7n*1KAX2 % [0,00)-

Proof. The second distinguished triangle comes from applying m~"! to the
first one and we have m~'F € 2(X?) for F € D(X?). On the other hand,

as we mentioned in (1) of [Remark 1.9) we have

F*PUgFOQUXSH F*QUgFOQUXslu

for F' € D(X). Finally, as UxSl=U x R, we have that psp(F) C J'X \
U x St if and only if pus(F) € T*X \ U. Then the result follows. O
Now, we can define the contact Chiu-Tamarkin complex for admissible open

sets 4 C T*X x S'. As in the symplectic case, let us introduce the adjoint
pair first:

F € Dyul(X? x BY)) #=—= Dyyu(pt) 3 G,
defined by:
(4.1) & x (F) = (i??‘lRT@A;Ran; (F),
Bi 1 x (G) = ' Axmyin, Gl-1],
where

m: (X2 x R?)f — X2 x R,

(], 15, ty) = (Q, ] — H, 8] =ty ot — )
Ay : X! xR = X% x R,

AX(qla"'vqbé) - (q£7q17q17"'7q£—17q€—17qn7t>;
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ﬂg:XKXRK—HRE;

it (pt) = (n,...,n) € RY,
where q = (qy,...,q) and t = (t1,...,1).
Definition 4.3. With the notation above, for £ € N and n € Ny, we define
the contact Chiu-Tamarkin complex as follows:

¢ c %
/"% K) = Riong , (o, x (#5), K[ d))

= Ritomy; ( 25, 65, xKl~d)).

Compare to the symplectic case, the parameter T is replaced by a
discrete parameter 17" = nf. First, let us compare ‘an/ K(U x S K) and
C’TZLZE(U, K) if U € T*X is symplectic admissible. By |Proposition 4.2L the
prequantized open set U x S! is contact admissible.

Proposition 4.4. For a symplectic admissible open set U C T*X, for £ €
N, n € Ny, we have

CHN U K) = €45 U x 51 K).
Proof. Since Pyys = m~ ' Py, we have
P = (m") ' PF,
where mg(g,t%,tz, Lt tE) = (g, t? —t1,...,t7 — t}). Then we have
"/ (U x S',K) = RHomy,, (P(?f,mfiﬁg%XK[—d]) :

So, we only need to verify that

¢ ~
M. B x K = B x K.

By proper base change, we only need to assume X = pt and then show
that mfm'i’ K[—1] 2 s/, K. Direct computation shows that both sides
are isomorphic to Ky, ... 1,):t, 4 tt,=ney [€ — 1]. O

On the other hand, the constraint 7'/¢ € Ny is adapt to the problem
of invariance. As the lifting of a contact isotopy is merely Z-equivariant,
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the sheaf quantization will only be Z-equivariant (see Remark 1.19). So our
discussion on invariance for symplectic version does not applies directly.
However a slight modification for the proof of the symplectic invariance
works.

Theorem 4.5 ( [Chil7, Theorem 4.7]). Let %,7%,% be contact ad-

missible open sets and let 7 < U, be an inclusion. Then one has, for £ € N,
n € Ny,

1) There is a morphism %f/ e(%g, K) N %nze/ Z(%1, K), which is natural with
respect to inclusions of admissible open sets.

2) For a compactly supported contact isotopy ¢ : I x T*X x S' — T*X x

; ; . S Zftc

St / We have a1} isomorphism, in the equivariant category, <I>/Z nec :

70 7/t Z/lc .
€ (%,K) =N G (9x(%),K), for all z € I. The isomorphism @ ;

functomal with respect to restriction morphisms in (1). When % = T*X X
S, we have @f/zc = Id.

The proof for (1) is the same as the symplectic case. Let us present the
proof for invariance, which is slightly different from the symplectic one.

Proof of (2). For the contact isotopy ¢, we take the GKS quan-
Y L
tization K( ') as we discussed in [subsection 1.3} Let K = K (¢'),, K, = K%
and K, ' = (K} )W.
Recall the proof of [Theorem 2.15((2). In the contact case, we still have
an isomorphism

@%(%) ~ K 1o Py o K,

as well as the auto-equivalence k(F) = K, ' o F' o K; of Dyz/((X x R)2%).
So, we only need to construct an isomorphism

(4.2) R(BK) = K;' o BiK 0 Ky = BK

where 3, = 7, x- As in[Theorem 2.15 we only need to find an isomorphism

ﬁzKOKZ %KgoﬁzK

To emphasize the difference between the contact case and the sym-
plectic case, let us present the construction precisely. Let W = X x
R, f: W= W' (wi,...,wg) ~ (wa,..., wg,w) where w; = (q;,t;) and
T W= WE (wi, ..., wp) = (Te(wr),..., Te(wy)), where c¢€R and
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To(w;) = Te(q, ti) = (q;,ti +c¢). Set Y = W and identify Y2 = (W?)¢ by
(wi, ... whw? .. wl)— (wiwi, ... ,wl,w?). Then BSK is, up to ori-
entation and shift, the constant sheaf on the graph of the composition

fo sz = sz o f. Precisely, we have

B K=Kr, oKr, o E= EoKr, oKr

£ )
Tn

where E = dy2)(wy ), with wy the dualizing sheaf and Jy= the usual diagonal
embedding. The relation f o TfL = TfL o f implies Kp, o Kr , £ Kr_, oKr,.

~

Moreover we have F o — = —o L.

Now we have the general fact G o Kr, = (Idy x g)i(G) for any G and any
map g. This formula has the symmetric form Kr/ o G = (g x Idy )i(G) where
I} is the switched graph I') = {(g(v),y) : y € Y'}. When g is invertible, we
have T'y-1 =T'). So we obtain

Kpo B K= KyoKr,, oK, o = (Idy x f)i(K¢oKr,, ) o E,
and
B,KoKy=FEoKr, oKr_, OKEZEOKF'F] oKr, , oKy

=~ Fo (f xIdy)( r.. ©Kyp).

—

Now, recall the GKS quantization K (¢’) satisfies the Z-equivariant condition
(1.12]), so the restriction on z-slices, K = K(¢')., also satisfies
K o KA, x{(tt+n):ter) = KA . x{(t,t4n):ter} © K.

Notice that Axz x {(t,t +n):t € R} =T, where Tp(z,t) = (x,t+ n).
Therefore we have

Kg 9} KFTZ = KFT,@ e} Kg.

Hence we have
Kyo BiK 2 (Idy x f)i(K;oKr,,)o B2 Eo(Idy x f)i(Kr,, o K).
Then the isomorphism follows from
(Idy x f)i(Kr,, o K¢) = (f x f)i(f~ x 1dy)(Kr,, oK)
= (f7! x Idy)i(Kr,, o Kq).

Z/l,c
z,nt

The isomorphism ® follows. ([
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Remark 4.6. The significant difference between Cr_%/ ‘ and ‘Kfe/ “is that the
definition of a“ also twist ¢t variables while o only twist q variables. This is
crucial for the contact invariance in However [Proposition 4.4]
shows that when we consider the admissible sets of the form U x S! for
U C T* X, the Chiu-Tamarkin complex itself is not affected by the difference.
This is helpful for our computations.

Now, we assume ¢ € N>s and % C T*X x S' is admissible. Then
H*%ZZ/Z(%,K) is a module of A=Ext;,(KK). For an orientable

n

manifold X and a field K, the fundamental class nféz’c(% ) is de-
fined as the image of the fundamental class [X]%f=[X]®1 un-
der the morphism HZM (X, K) ® Ext) (K, K) = HOZ/(T*X x S, K) ~%

H chfg/ K(% ,K). Similarly to |Proposition 2.23L |The0rem 4.5| shows that the
fundamental class is preserved under inclusion and contact isotopy.

For the definition of capacities, it is reasonable to require a discrete
spectrum. Let P denote the set of all prime numbers.

Definition 4.7. For an admissible open set % C T*X x S, k € N. Define
[Spec|(% ,k) ={peP: nf/p’c(?/,lﬁ‘p) € ukH*CKpZ/p(%,IE‘p)}

and
[c]x(% ) = min[Spec|(% , k) € P.

For a general open set O, we define
[c]x (%) = sup{[c]x(O) : O C %, O is admissible}.

Let us discuss the properties of [c];. The invariance and monotonicity
are true with the same proof as in the symplectic case. The proof of repre-
senting property is invalid now. The positivity for open sets is obviously true
by definition. However it is possible that [c] is always 2, which is treated
as the trivial situation here. To avoid this situation, we must address some
restrictions on the size of domains. Consider the constrain given by the
structure theorem, we assume ¢ be a prime number; and moreover, the com-
putation of ball indicate we should take a > 1 as a necessary size constraint
for B, x S'. This fits into the framework of [EKP06] that a small contact
ball can be squeezed into smaller contact balls. Therefore, we define

Definition 4.8. For an open set % C T*R? x S1, we say it is big if there

tact
is a prequantized ball B, x St M U such that a > 1.
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In summary, we organize our discussions as the following theorem. In
the contact case, the spectrum sets could provide us more interesting ob-
structions. So we state results of spectrum sets as well.

Theorem 4.9. The functions [c]y : Open(T*X x S1) — P satisfy the fol-
lowing:
1) [c]k < [c]k+1 and [Spec|(% ,k + 1) C [Spec|(% , k), for all k € N.

2) For two open sets % C Ua, then [c| (%) < [c]x(%) and [Spec|(%a, k) C
[Spec|(7, k).

3) For a compactly supported contact isotopy ¢ : I x T*X x St — T*X x
St we have [c|p(%) = [c|x(0-(%)) and [Spec)(Z , k) = [Spec|(p (%), k).

4) When X =R?% and % C T*R?* x S' is big, then it cannot happen that
[cle(%) =2 for all k € N.

Finally, let us discuss the prequantized toric domains, i.e., Xq x S! for a
symplectic toric domain Xq. We say that Xq x S! is convex if X is convex.

Actually, we do not need to change the arguments much here because
we already set everything up well. Using |Proposition 4.4] we only need to
slightly change the statement of the structural theorem.

Theorem 4.10. Let Xq x S' C T*V x S be a big prequantized convex

toric domain (that means ||| < 1, see [Definition 4.8) and ¢ € N>q. If

n € Ny and nl < pg/||Q3]|co, we have:

e For each Z €Y, the inclusion %CQSLZ induces a decomposi-

tion nfé€7c(XQ x S F,,) :uI(Z)Az,g for a non-torsion element Az, €

H_ﬂ(z)(gnze/e(XQ x ST Fp,). In particular, UZEK’C(XQ x SY Fp,) is non-zero.

e The minimal cohomology degree of H*CKT%E/K(XQ x SYFp,) is exactly
—21(2,), i.e.,
H*6""(Xq x ' Fp,) = HZ 2 @G (X0 x 51 F,,)
and
H2H 006 (X x S, F,,) #0.

° H*‘KnZZ/E(XQ x SYFp,) is a finitely generated ¥y, [u]-module. The free part
is isomorphic to A =TFp,[u, 6], so H*%fz/z(XQ x ST Fp,) is of rank 2 over
IFP@ [u]
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The torsion part is located in cohomology degree [—21(S,), —1].
H*‘ng/f(XQ x S1IF,,) is torsion free when Xq is an open ellipsoid.

Theorem 4.11. For a big prequantized convex toric domain Xq x S* ;
T*V x 81, we have:

[Jk(Xo x S") =min{peP: 3z € Q0 1(z) >k} =min{peP:p>c(Xa)}.

Proof. If p € [Spec](Xq x S, k), then p < ﬁ and we can use the struc-

ture theorem by the bigness condition. Then we use the minimal degree
result of to show that I(z) > k for some z € Q. In particular,
we have p > ¢, (Xq).

Conversely, if prime number p satisfies the condition p > ¢;(Xq). We can
find a z € 22, and the existence of decomposition of the fundamental class in

Theorem 4.10| implies that ng/p’c(XQ x S F,) € ukH*Cng/p(XQ x ST Fp).

O

The result is much weaker than the symplectic case, while it is still interest-
ing. For example, when we consider ellipsoids, we have

d

(s(E(a) x S') = min {p ey m > k} —min{p € P:p> eu(EB(a)},
i=1 "

where a = (a1,...,aq) and 1 < a3 <ag <--- < aq.
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